ON THE SIMULTANEOUS HOMOGENIZATION AND DIMENSION REDUCTION IN
ELASTICITY AND LOCALITY OF I'-CLOSURE

MARIO BUKAL AND IGOR VELCIC

ABSTRACT. On the example of linearized elasticity we provide a framework for simultaneous homogenization
and dimension reduction in the setting of linearized elasticity as well as non-linear elasticity for the derivation
of homogenized von Karméan plate and bending rod models. The framework encompasses even perforated
domains and domains with oscillatory boundary, provided that the corresponding extension operator can
be constructed. Locality property of I'-closure is established, i.e. every energy density obtained by the
homogenization process can be in almost every point obtained as the limit of periodic energy densities.

1. INTRODUCTION AND MAIN RESULTS

Our starting point is the three-dimensional linearized elasticity framework [8], where the stored elasticity
energy of a material is given by a quadratic form

(1) %/ A(Z)sym Vu : sym Vu di .
a

Above 0 C R3 describes a reference configuration of material, w : @ — R3 is the displacement field,
sym Vu = (Vu+Vu")/2 symmetrized gradient, and A is the elasticity tensor describing material properties.

In this paper we consider composite platelike materials with the aim of studying the asymptotic behaviour
of a sequence of energies , parametrized by the vanishing body thickness, and deriving homogenized
linear plate model by means of simultaneous homogenization and dimension reduction. Such a problem has
been already discussed in [I0], where the authors derived the model of homogenized plate on the level of
linearized elasticity system of equations using compensated compactness argument (see [19]) and assuming
that external loads act in the vertical direction. In that way they obtained a limit model, which is purely
(linear) bending model. We also mention the work [I5], where in the context of linearized elasticity the
authors derived, again by using the compensated compactness, the model of homogenized plate for elastic
laminates (layered materials). The limit problem is realized in several different ways with explicitely given
elasticity tensors. In contrast to these, our approach is completely variational, resembling the classical
I-convergence method [B, @], and relies on techniques developed by the second author in the framework
of deriving homogenized bending rod [I8] and von Karméan plate models [25] from three-dimensional non-
linear elasticity theory. The approach includes materials which oscillate both in in-plane and out-of-plane
directions, and even perforated materials and materials with oscillatroy boundary, provided that certain
extension operator can be constructed. Moreover, we consider the full model in the sense that it admits
external loads in all directions with appropriate scaling.

To the best of our knowledge, the problem of simultaneous homogenization and dimension reduction
solved in this paper, even in the context of the linearized elasticity, cannot be put into any existing abstract
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framework. The reason for that lies precisely in the simultaneity of the approach (cf. [§]). In the first
part of the paper we utilize the arguments given in [25], simplified to the case of the linearized elasticity,
and demonstrate how can we elegantly derive the model of linear plate from the 3D linearized elasticity.
Simplification (connected with a bit change) of the arguments presented in [I8] [25] (see the proof of Lemma
below), along with the possibility of analyzing domains (materials) with holes and oscillating boundary
on the abstract level, are the main contributions of the first part. We emphasize that our approach consists
in defining the correctors on the energetic level (see Lemma below), although, the approach can be used
for the analysis of equations as well (see [7]). We also point out that the method presented here, as well as
in [I8, 25], is not only limited to dimension reduction problems in elasticity.

Performing the rescaling of the reference configuration ) = w x [—%, %], where w C R? describes the
shape and h > 0 thickness of the plate, to the fixed domain 2 = w x I with I := [—%, %}, and dividing the
elastic energy by the order of volume h, expression amounts to

1
In(u) = 5/ AM(z) sym Vyu s sym Vyude = / Q" (z,sym Vyu)dz,
Q Q

where Vj, = (V', +05) denotes the scaled gradient and A"(z) := A(h, 1,22, has) the scaled elasticity tensor
(A(h, -) is the elasticity tensor on the domain Qj, and Q" (z, F) = 1A"(2)F : F is the corresponding quadratic
form). Additionally, we require that the family of quadratic forms (Q"); satisfies the uniform boundedness
and coercivity estimates on symmetric matrices and that they assign zero value to skew symmetric matrices.
Denoting by Q"(z, F) = 1A"(z)F : F the corresponding quadratic form, then there exist positive constants
0 < a < S, independent of h > 0, such that:

(2) (coercivity) Q"(z,F)>alsymF|?> VF cR>3 forae. z€Q;
(uniform boundedness)  Q"(z,F) < Blsym F|? VF € R3*3 fora.e. z € Q.
Notice that from the uniform boundedness and positivity of Q" it follows
Q"(x, F) = Q"(xz,sym F), VF cR*3, forae. x€Q,
and we also have
(3) |Qh(:c,F1) — Qh(z,Fg){ < B|sym F| —sym Fs||sym F1+sym Fy|, VF,Fy € R¥3 for ae. z € Q.

Taking an arbitrary sequence (hy,),, of plate thickness decreasing to zero, we aim to describe the asymptotic
behaviour of the sequence of the energy functionals J,. In the following we outline key waypoints in the
derivation of the homogenized linear plate model. First, let us denote by Hp (,R?) = {u € H'(Q,R?)
u|r, <1 = 0}, the space of displacement fields which are fixed to zero on a portion I'y x I (I'y C w) of positive
surface measure of the lateral boundary of Q. We also denote by Hy. (w,R?) = {u € H'(w,R?) : wu|r, = 0},
and by Hf (w) = {v € H*(w) : v|r, =0, dav|p, =0, for a =1,2}. Applying the Griso’s decomposition
(Lemma [A.4) on a given sequence of displacement fields (uhn) H%d (€2, R?) of equi-bounded energies, we
decompose its symmetrized scaled gradients in the form

(4) sym Vj, u = (sym V'w — 23V'%0) + sym V, @,

where w € H{ (w,R?) and v € Hf (w) are horizontal in-plane and vertical displacements which build the
fixed part, and @"" € H (Q,R?) is a corrector which builds the relaxational part of sym V, u/~. Here
1 denotes the canonical embedding of R?*? into R3*3, see Section below. Motivated by the above
decomposition we define the space of matrix fields which appear as the fixed part of symmetrized scaled
gradients

Sw)={M;+23My : My, My c L*(w,R22), x3€I}.

sym
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Following the standard approach of I'-convergence, for (h, ), monotonically decreasing to zero, A C w open
subset and M € S(w) define:

-

Gy (M, A) = inf { liminf [ Q" (z,1(MLax;) + Vi, 4" )dz |

(67, 04 ) = 0 strongly in L(2,R%) } 5

K&n)(M7 A) = inf { lim sup/ Q" (x, (M1 axs) + Vi, 9" )dx |
Q

n—oo

( f",@/)g”,hnd)g") — 0 strongly in LQ(Q,RS)}.

These functionals play the role similar to lower and upper I'-limits, respectively, and infimum in the definition
is taken over all sequences of vector fields ("), € H'(A x I, R3) such that (", 8" h,¢8") = 0 strongly
in the L?-topology. Establishing the equality (on a subsequence of (hy,),) between lower and upper bound

(5) IC(*h")(M, A) = IC&”)(M, A) =K, (M,A), M cS(w), ACwopen with Lipschitz boundary,

and using the properties of the variational functional K,y (see also [25, Lemma 3.7]), assures an integral
representation of the variational functional (cf. Proposition [2.2), i.e. there exists a function Q° (dependent
on the sequence (h,),) such that

(6) K ) (M, A) = /A Q& My ('), My (s')) da’

Referring to Section [3| for details, we construct the limit energy functional (finite on Kirchoff-Love displace-
ments, see Definition [3.1] and Remark [3.1] )

(7) Fow,v) = [ Qe sym V', -V

and provide the convergence analysis of 7}, (u"") — Jo(w,v) as n — oo by means of the following theorem.

Theorem 1.1. Let (hy,), be monotonically decreasing to zero sequence of plate thickness that satisfies
Assumption [2.1) or Lemma[2.3

(i) (Compactness) Let (u""), C Hf (©,R?) be a sequence of equi-bounded energies, i.e.
limsup,, . Jh, (u") < oo. Then there exists (w,v) € HE (w,R?) x HE (w) such that u" — (w,v)
on a subsequence as n — 0o in the sense of Definition [3-1] below.
(ii) (Lower bound) For every (u""), C Hf (Q,R?) sequence of equi-bounded energies such that u —
(w,v), it holds
liminf 7, (u") > Jo(w,v).
n—oQ
(iii) (Upper bound) For every (w,v) € Hy (w,R?) x HE (w) there exists (u"), C Hf (Q,R?) such that

fn 5 (w,v) and lim Jp,, (u') = Jo(w,v).

n—oo

u

Remark 1.1. In order to analyze a real problem, one can add forces in the above analysis (see Section
below). Since we are dealing with the linearized elasticity, by the uniqueness argument, we can conclude
converegence of the whole sequence in (7). As shown in Section[3.5] Theorem|L.1]is proved even for perforated
domains or domains with defects, when we don’t have pointwise coercivity condition.
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The second question addressed in this paper is about the local character of I'-closure, i.e. characterization
of a composite of N different constituents with prescribed volume fractions. Such a problem has an important
application in the optimal design of materials [24]. In the context of homogenization of elliptic equations
and systems it is well known as G-closure problem. The first characterization of G-closure by means of
periodic homogenization for the case of the linear elliptic equation describing two isotropic materials has
been performed independently in [I7] and [23]. They showed the locality property — every effective tensor
obtained by mixing two materials with prescribed volume fractions can be locally (at a.e. point) recovered as
the pointwise limit of a sequence of periodically homogenized mixtures of the same volume fractions. Later
on this was generalized to the case of nonlinear elliptic and strongly monotone operators in divergence form
[22]. A variational approach utilizing I'-convergence method has been performed in [4] and they proved the
locality property for convex energies satisfying certain growth and coercivity assumption. In the case of non-
convex energies only a weaker result was obtained, leaving the characterization problem widely open. Our
approach closely follows the one presented in [4], but it is not straightforward. Peculiarities arise through
the usage of non-standard “I'-convergence”, which makes the diagonalization procedure more subtle, and
through the fact that we also have to deal with dimension reduction. Although in the linear case the
diagonalization argument can be performed by the metrizability property of I'-convergence in the class of
coercive functionals (see [9] for details), we retain in the setting below, because it also covers the cases of
non-linear bending rod and von Karm&an plate. Eventually we are able to give the local characterization
of all possible effective behaviours of composite materials by means of in-plane periodically homogenized
mixtures. In this part we do not take into analysis perforated domains or domains with defects, but assume
uniform boundedness and coercivity assumption from . Denote by XV (Q) the family of characteristic
functions (x1,...,xn) € L=(Q, {0,1}V) such that Zivzl xi(z) =1 for a.e. € Q. Equivalently, there exists
a measurable partition {4;},=1.. n of Q such that x; = 14, fori=1,..., N. Function x € XN (Q) uniquely
determines the composite material whose elastic energy is given by

N
®) ) = [ 3 Qe Viwpi(oa.

where Q;,7=1,..., N, denote energy densities of constituents for which we assume the uniform boundedness
and coercivity as in .

Next, we are considering a sequence of composites (x~),, parametrized by the material thickness (A, ).
Verifying the uniform boundedness and coercivity of the sequence of energy densities

X’Ln N h
Q" =) Qixi,
=1

we can perform the asymptotic analysis according to Theorem (cf. Section. Given (hy,),, monotonically
decreasing to zero and the sequence of mixtures (x”~),, there exists a variational functional K(ynny such
that on a subsequence (still denoted by (hy)r)

Kenny (M, A) = IC(XM)(M, A) = IC&M)(M, A), M € S(w), AC w open with Lipschitz boundary,
where IC(_th) and K&hn) are defined analogously as IC(_hn) and ICE';M). The limit energy density of the

sequence of mixtures (x”), then equals

1
9) Q(2',My,M,) = %1 mic(X,Ln)(M1 +a3Msy, B(2', 7)), VM, M, c R and ae 2’ €w.
Before we proceed, let us recall results for periodic composites from [20]. Assuming that the energy den-
sities oscillate with period (k) in in-plane directions, we obtain different limiting behaviour depending on
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parameter vy = limy, o(h/e(h)). For v € (0, 00), an explicit formula for the homogenized energy density holds:

(10) Q\ (M, M) = weHll%zfX[RS)Z N Xle z,1(My + 23M>) + V,1p)da

where {4;};=1,.. ~ is partition of T? x I and T? denotes the two-dimensional torus, i.e. T? ~ [0,1)? with
periodic boundary conditions. Let us only mention that the cases v = co and 7 = 0 can be obtained as
poinwise limits of the energles when v — co and v — 0, respectively.

For 6 € [0,1]" such that Zz 10; =1, let Qp denotes the set of all quadratic forms @), from . for some
7k € (0,00) and partition {A¥},—;  x such that |A¥| = 0; for alli = 1,..., N and k € N. Let Py denotes
the closure of Qgy. The following theorem provides the local characterization of the effective behaviour of a
sequence of mixtures.

Theorem 1.2. Let Q = w x I with w C R? Lipschitz domain. Let (hy,), be monotonically decreasing to zero
sequence and let 0 € L>(w,[0,1]N) be such that S0 6; = 1 a.e. in w. Let Q : w x RZ%2 x RZX2 — R be
given quadratic form (coercive and bounded). The following statements are equivalent:

(i) there exists a subsequence, still denoted by (hy,)n, such that there exists a sequence of miztures (x"), C
XN(Q) whose limit energy density equals Q and X" = p for some pu € L>(Q,[0,1]) which satisfies
J; i@’ xs) dus = 0;(2') a.e. inw, fori=1,...,N.

(1) Q(x0,,+) € Po(ay) for a.e. zj € w.

Remark 1.2. Since we do not take into account possible periodic out-of-plane oscillations, only weaker claim
is given in (i), i.e. [, pdzs = 6. In the case when we allow only in-plane oscillations without changing
material along z3 direction, implication (ii) = (i) can be proved on the whole sequence.

Remark 1.3. The limit energy density obtained in [25] for the case of von Kédrmén plate has the same form
as @[), where Q; = D?>W;(I) and W; are stored energy densities of i-th material, for i = 1,..., N. Also, the
limit energy density for the bending rod obtained in [I8] has a similar form. Thus, Theorem applies to
these cases as well.

In Section [2] we introduce notation and some preparation definitions and results used in the subsequent
Sections [3] and [4] which are devised to the proofs of Theorems and respectively. Auxilliary results
are listed in the appendix.

2. GENERAL FRAMEWORK

2.1. Notation. For a vector = (x1,22,23) € R3 by 2’ = (x1,72) we denote its first two components.
Consequently, by V' we denote the gradient with respect to the first two variables V' = (9, d3), while the
standard gradient is denoted by V. The scaled gradient is given by V;, = (91, 02, %83) for some h > 0. By
B(x,r) we denote the ball of radius r around point & € R™. Vectors, vector valued functions, as well as
matrices and matrix valued functions representing displacement fields or their gradients are denoted by bold
symbols, while their components are indexed in subscripts. With the symbol A we denote the cross product
of two vectors from R?. For a matrix M we denote its symmetric part by sym M = (M + MT7)/2. Operator

: denotes contraction of two matrices, i.e. M : K = 3,  M;;K;;. Natural inclusion of R2%2 into R3*3 ig
given by

2
UM) == Mij(e; @ e;),

2,j=1
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where (e1, ez, e3) denotes the canonical basis of R3. By I we denote the identity matrix. If A C R", we
denote by 14 the characteristic function of the set A and by |A| its Lebesgue measure. If A and B are
subsets of R™, by A < B we mean that the closure A is contained in the interior int(B) of B.

2.2. Variational functionals. In the sequel, let (hy,),en denotes a sequence which monotonically decreases
to zero, A C w be an open subset and M € S(w). Recall the definition of the variational functionals from
the Introduction, which resemble the definition of lower and upper I'-limits:

Definition 2.1.
(1) K, (M, A) = mf hmmf/ QM (z, (M1 axr) + Vi, 9" )dz |

n— o0

(") € HY(Q,R3), (0, b hyph™) — 0 strongly in L2(Q,R3)};

n— o0

(12) IC(J?LH)(M, A) = inf { lim sup/Q QM (z,0( M1 g 1) + Vi, " )dx |

(") € HY(Q,R3), (0, b hyph™) — 0 strongly in LZ(Q,R3)} .

The above infimization is taken over all sequences of vector fields (¢""),, ¢ H'(Q, R®) such that (1, 15" hpypln) —

0 strongly in the L2-topology. From the definition it immediately follows

(13) IC(h )(Mlexj7 w) = IC(ih )(M,A), for all M € S(w), A C w open.

Remark 2.1. (a) Let A'(0) denotes the family of all neighbourhoods of 0 in the strong L?-topology, then we
have the standard characterizations:

(14) K, (M,A)= sup liminfK;, (M,AU);
() UCN(0) M
IC?;L )(M,A) = sup limsupKk,, (M,AU),
UCN(0) n—o0
where
(15) Kn, (M, AU) = inf / Q" (x,0(M14) + Vy,,4)dx
PeH (Q,R?)

(Y1,4h2,hntbs) €EU
(b) Using the standard diagonalization argument, one can prove that infima in and are actually
attained.
(c) Additionally one can assume that the test sequences are equal to zero on dw x I. It can be easily seen
that this does not change the proof of Lemma (see Remark .
(d) The following definitions are given in [I8], [25]
K, (M, A) = inf { liminf [ Q" (x,o(M) + V4" )da | ("), C H'(A x I,R?)

n—roo AxIT

(W b haphn) = 0 strongly in L2(A x I, IR{?’)} :

K, (M, A) = inf { limsup [ Q" (x,s(M)+ Vi, ")z [ ("), C H'(Ax I,R?)

n—oo AxIT

(Wl haphn) — 0 strongly in L2(A x I, R3)} .
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Here we used Deﬁnitionin order to include perforated domains and domains with defects (see Remark
. In the case when the coercivity condition holds, these two definitions are equivalent, and relation

remains valid with (after replacing IC(ihn) with E?[hn))

Kn, (M,AU) = inf Q" (x,1(M) + Vi, )dz .
PYeH" (AXIR?) Jaxr
(W1,%2,hntps)eU

One can additionally assume zero boundary condition for test functions in the case when A C w has

Lipschitz boundary. In [25] K, (M, A) and Izan)(M, A) were defined for every M € L?(Q), but here
we restrict the definition to the set of possible weak limits S(w) (in the first variable).

Obviously, IC@”)(M, A) < IC(+hn)(M7 A). The equality can be proven in the similar way as in [25, Lemma
3.7(a)], but on a subsequence of (h,,),, and we will give the sketch of the proof. The basic novelty, given
in [I8) 25], compared with standard I'-convergence techniques, consists in separating the fixed limit field M
from the relaxation field given by the sequence (¢h) (correctors) and exploring the functional which has
this additional variable (the set of possible weak limits). This enables us to give an abstract definition of
the energy and to prove that it possesses a quadratic energy density (see Lemma and Proposition [2.2)).
One of the key properties, which also exploits this separation property, is the continuity of functionals IC hn)

with respect to the first variable (see the proof of Lemma in the appendix, cf. also [25] Lemma 3.4]):
16)  |KE (M1, 4)— K&, (M2, A)| < Clan )My — Moz (1Ml + [ Mallz2) .

VM., M, € S(w)
In the following we state the key operating lemma.

Lemma 2.1. Under the coercivity and uniform boundedness assumption , for every sequence (hy)n,

hn 1 0, there exists a subsequence, still denoted by (hy,)n, which satisfies
Kny(M,A) := /C(fh”)(M, A) = IC(+h”)(M7 A),

VM € S(w), VA C wopen.

For every M € S(w) there exists a sequence of correctors ("), C HY(Q,R3), (P e h,phn) — 0
strongly in the L?-norm and such that for every open A C w we have

(17) Kn,)(M,A) = lim Q" (z,1(M) + V" )dz

n—oo AxIT

and the following properties hold:

(a) the following decomposition is satisfied

(19) ORIV EE A ER ET 4

(19) sym th%bh" = —z5(V"?¢") + sym Vhﬂth" ;
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where
@' — 0 strongly in H' (w), 1,~th” — 0 strongly in L*(Q,R?), and
1) £ C@UMI: +1),

. "’hn
lim sup <||<ph"HH2 + | Vh, v
n— oo

for some C(£2) > 0;
(b) sequence (|symVy, "), is equi-integrable;
(c) for every M € S(w) and A C w open it holds

Ky (M, A) = K,y (M, A) = K[, (M, A) = K, (M, A);

(d) if for M € S(w) a sequence (¢"),, c HY(Q,R3) satisfies (D) for A =w and (¢l i i) =0
strongly in the L?-norm, then

|| sym thch" — sym th’l/Jh"HLz —0.

The lemma can be proved by adapting the proof of [I8 Lemma 2.9]. Below we give simple proof, which can
be easily adapted to perforated domains and domains with defects.

Proof. Take a countable set {M;}jen C S(w), which is dense in S(w) in the L?*norm. Without loss
of generality we assume that w has smooth boundary. In the case when this is not satisfied we simply
take @ D w with smooth boundary and extend each Q" on @\w by a constant quadratic form that satisfies
coercivity and boundedness property. By a diagonal argument one can construct a subsequence, still denoted
by (hn)n, such that on the subsequence we have

(20) Ky (Mj,w) =K, (Mj,w) =K, (Mj,w), ¥jeN,

and such that the equality (for A = w) is valid for some sequence of correctors (1,[1%}}],),1 C H'(Q,R3)
which satisfies (w?\}}wl’ 7/’1}(/%,2, hniﬁ]}(}}j,g) — 0 strongly in L2. Using the Griso’s decomposition we can assume
that they satisfy the property (a) (see Lemma . This possibly requires a change of the sequence of
correctors. By inequality it follows that

(21) KM, w) =K, \(M,w) =K}, |(M,w), VM €S8w),

(hn) (hn)
and by the deﬁnition of IC'; ) We can find a sequence of correctors ( h") C H(Q,R3), which satisfies
(¢M 15 M Q,hn N 3) — 0 strongly in L2. Firstly, we prove equality . ) for A C w open with |[0A4] =0

or |8A| >0and M = 0 on 9A x I. Suppose that the equality is not satisfied, then take an arbitrary
subsequence of (hy, )y, still denoted by (hy,),, such that there exists

(22) lim QM (x,2(M) + Vj,, Phn)da

n—oo AxIT

Notice that from the definition of K, ), by testing with zero functions and using , we can assume that
for every n € N

(23) lsym Vi, 93zllre < Cla, B)| MLz .

Applying the Griso’s decompostion and replacing the sequence of correctors, we obtain the decomposition in
(a). Next, using Lemma and Lemmafrom Appendix, we replace (on a subsequence) second gradients
and scaled gradients by the corresponding equi-integrable sequences, and form the sequence of correctors

(@Z}]L\Z)n C H'(9,R?) according to . Notice that for the new sequence we have the following properties:

(24) (|sym Vy,, ¢M| ) is equi-integrable and |[{sym V, wM 4 symVy, phal| = 0asn — oo,
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As a consequence of , on every subsequence, still denoted by (hy,),, where the limits exist, the following
inequalities hold:

(25) lim Q" (z (M) + Vi, ¥hn)dz < lim Q" (2, 1(M) + Vj,, Yl )da;
n—oo AX[ n—oo AXI
(26)  lm [ QM (xa(M)+ Vi bh)dz < lim QM (@, (M) + Vi, ) da;
(W\A)x T =00 J(w\A)x T
(27) lim Q" (z,o(M) + Vi, ¥h)dz < lim Q" (z,1(M) + YV, ¢l )da .
n—=o0 JogaxT n=00 JogaxT

From these relations, using the definition of IC(,,)(M,w), we conclude equalities in 7. Using Lemma
from Appendix, we truncate the sequence (17)?}}),1 in set A x I such that the new sequence, denoted
by (17)3:}’\/[)”, equals zero in a neighbourhood of 0A x I and zero value is assigned outside A x I. Next, we
perform another truncation of the sequence (’IZJ’;\Z)n, but now in set (w\A) x I, such that the new sequence,
denoted by (_(I)\’;")n equals zero in a neighbourhood of d(w\A) x I and zero value is assigned in A. By the
definition of K, )(M, A) and by testing with (@S"M)n we conclude

(28)  Kn,)(M,A) < lim Q" (2,2(M) + Vi, g ag)dz = lim Q" (w,u(M) + Vi, Py )de .

n—roo AxIT n—oo AxIT

Further on we take a sequence of correctors (on a subsequence) for M 4 := M1 44, denoted by '«/)}]L\}I‘A, find
the equi-integrable substitution and perform the truncation (in set A x I in a neighbourhood of A x I) to
obtain the new sequence of correctors (@?VIA)TL Assigning the zero value outside of A x I we easily conclude
that (on a subsequence)

K,y (M, A) = lim Q" (x,4(M) + Vi, Pz )de .
n—oo AXI
Define the new sequence of correctors by
s z%gv};f(a:), ifzeAxI;
Y (z) = (@), ifre(w\A)xI;
0, ifredAxI.

If the strict inequality in would hold, then we would have (because M1gax; = 0 for a.e. x € Q)

lim Q" (z,2o(M) + thib};\;)dx <K,y (M,w),

n—oo Q

which would yield a contradiction. The final claim is the consequence of the arbitrariness of the subsequence,
which we chose such that the limit exists. Notice that on the way, as a consequence of minimality, we
also proved that

2 lim o (22, 0(M hn Yz =

(29) i [ @ aM) + Vi g ) =0,

for every sequence of correctors (1/1?\/”['A)n€N C HY(9,R?) for M 4, where A C w open. Namely, we can again
take an arbitrary convergent subsequence, replace the correctors with equi-integrable sequences, perform the
truncation in a neighbourhood of 0A and assign values zero outside of A. This would provide the argument
in the same way as above. The property (b) is a consequence of the minimality property in the definition
of K,), see [18, Lemma 2.9] (the proof uses the pointwise coercivity in ) From the equi-integrability
property it follows that equality is valid for every A C w open and M € S(w). To prove (c) we conclude
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as follows. Firstly, from and it follows that IE&”)(M,A) < Kn,) (M, A). Next we prove that

E(}L")(M, A) > K, (M, A). If A C w has C! boundary, then one can take a sequence of test functions

for E(h )(M ,A) and replace it in the same way as above to conclude the inequality. If A C w is an arbitrary

open set, then from the definition of /E?; ), We can easily conclude that

Ky (MLpxr, A) = K§, ((M1pxr, A) = K, (M, D), VM € S(w), ¥D < A, D with C' boundary,

(for more details see beginning of the proof of [25] Lemma 3.7]). From the latter, utilizing inequality

for K,y and ié?;n), which can be proved analogously, and we conclude the claim (¢). For the property
, see the proof of |18 Lemma 2.9|.
d h f of L 2.9 a

Remark 2.2. One can, by the truncation argument if necessary, assume that for every M € S(w), n € N,

""" = 0 in a neighbourhood of dw x I, i.c. " = 0 in a neighbourhood of dw and 'z,thn = 0 in a neighbourhood
of Owx I. To see that, one can first take such correctors for a countable set {M;} C S(w), as at the beginning
of the previous proof, then using the diagonalization argument and inequality construct a sequence of
correctors for every M € S(w), which consists of correctors for the sequence {M;} (see [18, Lemma 2.10]).

We make the following assumption on which we will refer when necessary.

Assumption 2.1. For a sequence (h,,), monotonically decreasing to zero we assume that it satisfies the
claim of Lemma 2.1]

Remark 2.3. Assuming the Assumption and using the representation 7 for every M € S(w) we easily

deduce the following:

a) Kn,)(M,-) is subadditive on open subsets of w, i.e. Ky, (M, A) < K, ) (M, A1) + K, (M, Az) for
all open sets A, Ay, Ay Cw with A C A1 U Ag;

b) K, (M, -) is superadditive on open subsets of w, i.e. K, ) (M, A) > K, ) (M, A1) + K, (M, Az) for
all open sets A, A;, Ay C w with A; U Ay C A and A1 N Ay = 0;

c) Kn,)(M,-) is monotone, i.e. K, (M, A1) < K,y (M, Az), for all open sets A; C A2 C w, and inner
regular, i.e.

Kh,)(M,A) =sup{K,(M,B): B<K A, Bopen}, VYACwopen.

These properties imply that there exists a Borel measure ups : B — [0, +00], on the family B of Borel subsets
of w, such that K¢, )(M,A) = unr(A) for every open set A C w (see [9, Theorem 14.23]). Moreover, the
following properties of K3, ) (-, -) are easily deduced (see also the proof of [25, Lemma 3.7]):

d) (homogeneity)
Kn,) M, A) =K, (M, A), VteR, VACwopen, VM € S(w);
e) (paralelogram inequality)
Kn,)y (M1 + My, A) + K,y (My — Mo, A) < 2K, ) (M1, A) + 2K, ) (M2, A),
VA C wopen, VM1, My € S(w).
Finally, we provide the result on integral representation of the variational functional, whose proof follows

the lines of the proof of [25, Proposition 2.9], hence we omit it here. The key properties for proving that the
energy density is a quadratic form are d) and f) from the above remark.
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Proposition 2.2 (Integral representation of K(4,)). Let (hn)n, hn | 0, satisfies Assumption . There
exists a map Q° : w x RYZ x RZX2 — R (depending on (hy)n) such that for every open subset A C w and
every M € S(w)

(30) K,y (M, A) = / Q% (', M1 (z'), M('))da’.

A
Moreover, for a.e. x' € w, Q%(a',-,-) is uniformly bounded and coercive quadratic form satisfying
S(sym My + [sym Ma?) < Q°(a/, M1, M)

(uniform boundedness) Q%(a', My, M3) < B(|sym M |* + | sym M|?),
VM., My e R¥*? for ae o' € w.

(31) (coercivity)

Remark 2.4. Tt is enough to prove equality on countable dense families of open C'! subsets of w and
symmetric 2 x 2 matrices. In fact this will be used in Section [4] in the characterization of the I'-closure.

Remark 2.5. Based on expression , one can easily conclude what would be the appropriate periodic or
ergodic cell formula (cf. [25], Section 4], see also [7])), by using respectively two-scale and stochastic two-scale
convergence.

2.3. Perforated domains and domains with defects. An important application issue is relaxation of
the pointwise a.e. coercivity condition from and motivation for that is to include, for example, perforated
domains or domains with defects into our framework. The situation we have in mind is when the coercivity
condition is satisfied a.e. only on a subset S"» C Q and part of the domain Q\S"* has defects. To be more
precise we make the following technical assumption.

Assumption 2.2. For every n € N, there exists a subdomain S~ C © and an extension operator E"»
H(S" R3) — H(Q,R?), which meet the following conditions (for p € H'(S"» R3) , resp. ¥ € H'(Q,R3),
we denote by ¢Ehn = Ehnap, resp. wEh" = ElM (| gnn)):

(a) there exists a > 0, such that for every n € N, M € S(w) and 9 € H' (2, R?)

af| M +sym Vi, 72y < / Q" (z,u(M) + Vi, )dz
Q

(b)

BT g = Plgnn,  Vap € HY(S" R?);

(c)
[ Symvh,ﬂ/) "z < CQ)|sym Vi, 9l p2(snny, Vb € H' (8", R?);

(d) for every sequence ("), C H'(Q,R?) such that (H sym Vp, 1 ”||L2(Shn)) is bounded,

(W, 5™, hpba)

o0 = (o ) 0
(e) for every M € S(w) and ("), € H'(,R?), such that ||(y"", " hyv")| 12 — 0 it holds

limsup(/Qh (z,0(M) + Vj, p"™ /Qh” M) +V;, ¥ n) ><0.

n—00
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Remark 2.6. As a consequence of (a), (b) and (d), for every M1, M5 € S(w) and every A C w open we have

I, (M, 4) = K&, (M3, 4)| < C(9)| M = Moz (1M 2 + | Mol 12)

To see this, notice that in Definition of IC(ihn), we can replace the sequence of test functions (1/Jh")n -
H(Q,R3) by the sequence (1/7Ehn )n. Then, equality is valid with the following definition of Ky, (M, A,U):

Kn, (M, AU) = inf / Q" (z,1(M14) + Vj, ap)dx .
peH' (Q,R?) Q

(v " P ) eu
To conclude the above inequality, one simply has to follow the proof of Lemma form Appendix.

Example 2.1. We assume that inside of the domain €25, there is a sequence of disjoint circular defects
{B}, = B(xj, ,7}, )}2, and that there exists a constant ¢ > 1 such that for every i € N we have Kj :=

°Bj, \Bj C ,, where °Bj = B(zj, ,crj ). Furthermore, we assume that every x € Q, is contained
in at most N balls of the sequence {°Bj }°,. Denote by Ry, : R® — R? the mapping Ry, (x1,22,23) =
(1,22, Z—:) and by RP" its inverse. For i € N, define the sets K®"n = RhnK}Ln and in the similar way
define B""», ¢B%n. The regular set in Q = Ry, Qp,, is defined by S"» = Q\U2, B;, , where we assume the
uniform boundedness and coercivity assumption from (2)) for a.e. z € S"». On Q\S"* we assume only the
uniform boundedness condition with g = k,, for a.e. x € Q\Sh" and K, — 0.

In the sequel, we explain construction of the extension operator. Denote by K; = B(0,¢)\B(0,1). Using

[21, Lemma 4.1], there exists a linear operator P : H! (Kl,R3) — H! (B(O, c),R3) and C' > 0 such that
[Pwllp: < C([lw|lrz) + | sym Vw2 (k) ;
IV(Pw)l|. ClIV(Pw)llL2 (k) 5

| sym V(Pw)||r2 Cllsym V(Pw)llr2(x,) -

Using the operator P, define by rescaling and translation operators ben cH! (K};VL,R?’) — Hl(B,iln,]Rg),
i € N. Define operators Ph"» . HY(K"' R?*) — H'(B"" R?) by rescaling naturaly the operators P}, :
for ¥ € H' (K" R®), set P"'n4p = P (¢ o Rp,,) o R". Finally, define the extension operator E"» :
HY(Sh R3) — H'(Q,R3), such that for every i € N,

E"nap|gin, = Pbhnap . Vap € HY(S" R3).

(
(
(

w w W
= W N
D =

<
<

We want to prove that the operator E"» meets conditions (b)-(e) from Assumption Condition (b) is
direct, and (c) is a consequence of and the fact that every & € €y, is contained in at most NN balls

of the sequence {“B}, }7°,. Condition (e) is a consequence of (c) and the fact that s, — 0. To prove (d),

we proceed as follows. Integrating the Korn’s inequality with the boundary condition from 1 to ¢, we
obtain that there exists a constant C' > 0, such that

[wZ2(50,1)) < C <||w||2L2(K1)) + || sym vw”%?(B(O,c))) , Yw e H'(B(0,¢),R?%).
After rescaling on CB;W for every i € N and h,, we obtain
6122 < C (16l2a0s )+ 032 sym Veblacy ) Vb € HYCBY L RY).

Rescaling once again by Rj, on €, for every ¢ € N, and h,, we obtain

(35) 12 menn) < C (191200 + (05 )2 ISy Vi, $l2a i)+ Vi € HICB RY).
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Notice that Vi € N it holds r}'Ln < hy,. From (BE), property (c) and the fact that (3t phin) = 0 strongly in
the L2-norm, we easily conclude that (! h", QEh") — 0 strongly in the L?-norm. It remains to show that

haoE"™ = 0 strongly in the L2norm. Define $£"" and ¢&"" by
~hn hn —phn han 2 ghn
R A T
I

First, we use the property (b) and the Griso’s decomposition of " (see (62))) to conclude from (see
also (65)) that ,(hnf"") — 0 strongly in the L*norm for a = 1,2. Since from we easily obtain
that 0;(hnit h") — 0 strongly in the L?-norm for i = 1,2,3, we have that 9;(h,] h") — 0 strongly in the
L?-norm. The final claim follows from the fact that there exists a constant C' > 0, such that Vi € N and Vh,,

(36) 1225y < € (In2as )+ 03 PIVIRaepy ) Vo€ HYCB, ),

which can be proved analogously as , and the fact that hnqu " — 0 strongly in the L?-norm. Observe
that, although we assumed circular defects above, the only important thing is to control the geometry of parts
with defects, i.e. to have a control over constants in the expressions (34)),(35)), (36). Thus, other geometries
of defects are also possible (see Figure |1)).

" QOOOQO G

(a) (b) ()

FIGURE 1. (a) Thin domain with defects. (b) Extension operator of type I. (¢) Extension
operator of type II.

Example 2.2. With an analogous analysis as in the previous example, one can analyze thin domain with
oscillatory boundary (see Figure . Here we assume that the size of oscillations € < h. The extension
operator can be constructed in a similar way as before, using the extension operator P : H'(Q{,R3) —
HY(Q,R?), where Q = Q1 U Qo.

(a) (b)
FIGURE 2. (a) Thin domain with oscillatory boundary. (b) Extension operator.

We now state a lemma for domains with defects, which is analogous to Lemma [2.1]
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Lemma 2.3. Under the uniform boundedness assumption from and the Assumption for every
sequence (hy)n, hn 1 0, there exists a subsequence, still denoted by (hy)n, which satisfies

Kh,)(M,A) = IC(_hn)(M,A) = IC?;M)(M,A), VM € S(w), VA C w open.

For every M € S(w), there exists a sequence of correctors ("), < H'(Q,R3), (i, hn hpln) = 0
strongly in the L?-norm, and for every open subset A C w, which satisfies M1gaxr = 0 for a.e. x € €2, we
have

(37) K,y (M, A) = lim Q" (z,1(M) + Vj, " )dz .

n—roo AxIT

In the case when M1gax; # 0, we can only conclude that the left-hand side is less or equal to the right-hand
side in . The following properties hold:

(a) the following decomposition holds:

0
[N T -
whn (x) (phno(x/) T3 ( \4 <PO (z') ) + ¢hn 7
hn,
i.e.
sym thdzh" = —z32(V20") + sym th{bh" ,
where

@' — 0 strongly in H' (w), 1,~th” — 0 strongly in L*(Q,R?), and
. ~ hn
timsup (e = + [V, %" 12) < C@)IMZ +1),
n—oo
for some C(2) > 0;

(b) for every subseqeunce, still denoted by (hy,)n, one can change the sequence of correctors, if necessary, on

a further subsequence (possibly depending on M ), such that the sequences (|V'¢""|?),, and (|Vh"'¢,~bhn %)
are equi-integrable, i.e. the sequence (|sym Vh"'(/)h" 2),, is equi-integrable. On that subsequence for the
changed correctors, formula is valid for every open subset A C w.

(c) for every M € S(w) and A C w open, we have

(MaA) < kv:a")(M7A) < K:(hn)(MaA) .

K
Proof. The proof follows the lines of the proof of Lemma after replacing the sequence of test functions
(Yhn), € HY(Q,R™) by (1/11\;” )n C HY(Q,R™) and using Remark The validity of statements (b), (c) and
(d) from Lemmacannot be concluded, since there the pointwise a.e. coercivity was used. However, weaker
statements for the equi-integrability and relation between IC(,M), IC(+hn), K(h,) can be concluded without the

pointwise coercivity, in the same way as in the proof of Lemma O

Remark 2.7. The main obstruction in proving equality in (c) is that from the definition of /E?;Ln), one cannot
conclude that the minimizing sequence has bounded symmetric scaled gradients and thus, one cannot perform
the analysis analogous to the one given in [25]. On the other hand, the definition of IC?;H) takes the whole
domain 2 into account, where an extension operator exists, and thus, is more suitable for domains with
defects.

Remark 2.8. Validity of Remarks [2.2] and [2.3] can be easily checked in the same way as before, and the claim
of Proposition is satisfied, but without the coercivity property in .
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3. CONVERGENCE OF FUNCTIONALS AND PROOF OF THEOREM [ 1]

3.1. Convergence of energy functionals. Here we precisely explain what we mean by 7, (u") —
Jo(w, v) as n — oo. First, let us introduce the space of limiting displacements

Uw) ={(w,v) : we H%d(w,Rz),v € H%d(w)}.

Definition 3.1 (Convergence of displacements). We say that a sequence of displacement fields (u/n), C
H%d (€2, R3) converges to a pair of in-plane and out of-plane displacements (w,v) € U(w), in notation u/» —
(w,v), if there exists decomposition of u”» of the form

w(z') "v(z!
(38) un (z) = v(a’) — T3 < Vv 0( ) > + 4pn (z),
hy,

where the corrector sequence (1/)h")n C H%d (Q,R3) satisfies limn_)oo(wf",wg",hnwg") =0 in the L?-norm.

Remark 3.1. Otherwise stated, the above formulation means that (u?", )T — w — 23V'v and h,ul" — v

in the L?-norm as n — co. This non-intuitive definition of convergence will be clarified in Section [3| below.
It is easy to check that the convergence is properly defined, i.e. the limit (if exists) is unique. Usually, in the
linearized elasticity one does the scaling of the unknowns (see, e.g. [8]) and then easily concludes that the
limit model is the Kirchoff-Love model (the first two terms in the expression ) However, here we prefer
not to scale the unknowns apriori. One of the basic reason is that we would then unnecessary introduce h
in the left hand side of @ Moreover, Griso’s decomposition gives us all the information we need: the limit
field, which satisfies the Kirchoff-Love ansatz, and the corrector field.

Definition 3.2 (Convergence of energies). We say that a sequence of elastic energies (7, )n converges to
the limit energy Jy if for all (w,v) € U(w), the following two statements hold:

(i) (liminf inequality) for every sequence (u”n), C Hf (€,R*) converging to (w,v), in the sense of
Definition [3.3]
liminf 7, (u") > Jo(w,v);

n—oo

(ii) (limsup inequality) there exists a sequence (u""), C Hf (€2,R?) converging to (w,v) such that

limsup Jp,,, (u) < Jo(w,v).
n—oo
Remark 3.2. Like in the standard I'-convergence, condition (ii) from the previous definition can be rephrased
in terms of the existence of a recovery sequence, i.e. there exists a sequence (uh)n C Hlld (2, R3) converging
to (w,v) such that

Jo(w,v) = lim Jp, (u'").
n—oo
3.2. Compactness. Let (hy), be a sequence of plate thickness and let (u”"), C H{ (€,R?) be a sequence
of displacement fields, which equal zero on I'y x I C 0w x I of strictly positive surface measure. Assume that
(uhn),, is the sequence of equi-bounded energies, i.e. limsup,,_, .. Jn, (u*) < C < co. Then the coercivity
condition implies the equi-boundednes of the sequence of the symmetrized scaled gradients

lim sup || sym Vj,, w12 < 0o.
n—oo

Applying Lemma [A74] from Appendix we obtain the compactness result.
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3.3. Lower bound. Let (u""), C Hy}, (wx I,R?) be the sequence of displacements of equi-bounded energies
and (hy, ), satisfies Assumption or Lemma We decompose u”» (on a subsequence)

w(z’) 1o (o

uh” (.%') — U(J;’) — 25 ( \Y vo(x ) ) + ’l/Jh" (:L‘)
b,

where w € Hlld (w,R?)and v € ngd (w) are fixed horizontal and vertical displacemets and (™" " by, phn) —

0 in the L?-norm. The proof of lower bound immediately follows from the definition of the functional K, ).

3.4. Construction of the recovery sequence. Let (w,v) € U(w) and (hy,), satisfies Assumption
or Lemma Utilizing Lemma (and Remark i.e., Rematk , there exist a sequence 1bh’” C
H'(Q,R3), such that P =0 on dw x I, (1/1?",1/13", hn¢§") — 0 in the L?-norm and

/ Q°(«', Vw, —V"?v)dz’ = lim Q" (z,1(Vw — 23V"%0) + V), " )dz .

n—oo wx T

Defining the sequence of displacements u"» by

w /
uhn:<v )_x3<v0v>+¢hn7
ha,

we have that u» — (w,v) as n — oo in the sense of Definition and the previous identity implies
Jo(w,v) = lim Jp, (u'"),
n—oo
which finishes the proof.

Remark 3.3. Analysis of the homogeneous isotropic plate (see []]), after rescaling, reduces to the I'-convergence
problem in the L2-topology. The limit energy density (written on 3D domain) depends on sym V(w —x3Vv),

where w — 23V is (as above) the limit of first two components of the h,, problem (u}f", ug") Thus, the

limit energy, although it contains the second gradients, can be interpreted as of the same type as the starting

one, but restricted to the appropriate space. This does not happen here, since in the limit energy we cannot

separate membrane energy (dependent on sym Vaw) from the curvature energy (dependent on V2v).

3.5. Adding lower order term with forces. It is relatively easy to include into the model and analyze
external forces of the form (f1, f2, by, f3), which corresponds to the standard scaling for plates in the context
of linearized elasticity, see [§]. Define the energy functional

(39) jhn(uh”) = / Qh"(x,thuh")dx —/ f- (u?",ug"'7hnu§")dx.
Q Q

For the sequence of minimizers, denoted by (u”r),, one easily deduces, using the pointwise coercivity from
, Corollary and testing the functional J},,, with zero function,

(40) [sym Vi, upr |72 < Cll(uy™, us™, hpuz™)|| 12 < C|l sym Vi, a2 -

m

After obtaining the boundednes of the sequence (||sym Vy, ult» || Lz)n, the analysis goes the same way as in
the previous section. The above analysis implies in the standard way that the minimizers of h,-problem
converge in the sense of Definition (on a whole sequence) to the minimizer of the limit problem, when the
pointwise coercivity assumption from is satisfied. The following assumption is needed for the convergence
of minimizers in the case when the pointwise coercivity assumption from is not satisfied, but Assumption
is assumed.
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Assumption 3.1. We assume the validity of Assumptionand that for S"» C Q additionally the extension
operator E"n : H1(Sh» R3) — H'(Q,R?) satisfies the following conditions:

(a) p=0onTyxI = 1,[)Eh" =0on Ty xI;

(b) 1gn, — 0 € L*>(Q,[0,1]);

(¢) (f1, fa; hnf3)lg\gnn = 0 or for every sequence (uh), C H} (Q,R?), there exists a constant C' > 0, such
that for every n € N,

[ @ sym Vi, e < € (I o) 12 + 1)
Q
— (u'f",ug",hnug") — (u‘fjhn , UQEM , hnufh/n') — 0 strongly in L?.

The first assumption in (c) is satisfied in perforated domains, while the second one is satisfied in some defect
domains, which does not include the standard analysis of the most interesting case of high contrast domains.
Analyzing this case of high contrast domains would require different analysis (see [I], for the periodic case
and two-scale convergence approach).

Example 3.1. We take the situation of Example and the extension operator given there. Additionally,
we assume that the energy densities are pointwise coercive in part of the domain Q\S"» with the constants e,
where &, — 0. The condition under which (c) from Assumptionis satisfied is that €, > r,, := sup{r, tien
(notice that the most interesting case of high contrast appears when &, ~ r,). Namely, using , we
conclude that

(41) = uP"" 22 < Cr2 | sym Vi, (w—uP" ) Zaggney s Vu € HUQLED).

Coercivity of the energy, Corollary from Appendix, property (c) of Assumption and the above
inequality imply

Ehn

sy Vi, w22 + enllsym Vi, ullfz gy ny < € (|| (uh e hud )| +1)
<C (H (u?" — ufhn,ug" — uQEh",hn (ug" — ufhn))‘

hn hn
< C (rallsym Vi, (u = w2y smay + | sym Vo, w112 + 1)

|L2—|—1).

hn hn hn
L l@E " s +1)

hn
< C (rallsym Vi, ull 2@\ sim) + | sym Vi, u®

From the last inequality we conclude the boundedness of the sequences (|| sym Vj,, u® " l£2)n and

(en]| sym thu”%Q(Q\Shn))n. The first boundedness gives us the compactness result that we need (in the
analysis of convergence of minimizers), while the second one, together with estimate , gives that ||u —
uP"" |2 — 0, which is stronger than the requirement (c) in Assumption

The analysis of convergence of minimizers follows standard arguments of the I'-convergence. To conclude
compactness for sequence of minimizers, one has to take the sequence of minimizers (u/r),, for h,-problem

and look the sequence (uﬁhn )n, which has bounded scaled symmetric gradients. In the first case of (c), we

have jhn (uhn) = jhn (uﬁh”) and the analysis proceeds in the same way as above. The term added to the
energy is of the form

*/9(f1w1+f2w2+f3v)dx.
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In the second case, first we easily conclude by testing with zero function that the sequence of minimizers
satisfies the second condition in (¢). In that way we have:

(42) (uh" m27h ul ) - (uEh" E" uEh ) — 0 strongly in L?

m,1 m,1 m2a

g /Qh z, Vi, u )dx—/(fl»fmf?)) (mh;7 Tb;’;ah uy, )d$+0(1)7

where lim,, ., 0(1) = 0. Using (a) and (c) from Assumption we easily conclude that the sequence

(ufihn) has bounded symmetrized scaled gradients in the L?-norm. To make the lower bound, one utilizes

a simplenobservation:
/ Q" (2, Vh,ulk) dz = / Q"M (%thufqhn + Vi, (ufn - uEh">) dz,
Q Q

uses , definition of the limit energy density Q° and the analysis from the previous section.

Remark 3.4. In the analysis of bending rod or non-linear von Kdrméan plate, instead of Assumption
the existence of another extension operator (besides the one from Assumption n, denoted by Eh"
required. Namely, to obtain the compactness result, one needs from the order of forces h? and h?, con;lude
that the order of the term || dist(V,, w2, SO(3 ))H%Z(Q) is h2 and h?, respectively (cf. [12]). Here, (yE"™),
denotes a sequence of extended minimizers. In the following, we will very briefly discuss the analysis of
the bending perforated rod (we assume that S"» C Q is filled with a material and the rest is empty). A
detailed description of the bending rod model is given for instance in [I8], and the main tool in obtaining
the compactness result is the theorem on geometric rigidity [12]. If the thin domain can be covered with
cubes of size h,, which can have only finite number of different geometrical shapes with perforations, one
can, using the theorem on geometric rigidity, conclude that there exist a constant C' > 0 and for each h, an
extension operator E"» : H'(S" R3) — H'(2, R?) satisfying:

fhn
(43) Iy " @) < Clly™ | (Shn) 5 vy e HY(S" R?);
.
(44) IVn,y" " ) < ClVA,Y" lL2(snny, Yy € HY(S",R?);
(45) HdlSt (vh yE ’ SO )H < CHdlSt (Vh Yy fin SO )HL2 (Shn) » Vyhn c Hl(Sh",R?’),

The extension mapping can be constructed on the unit cube as the one that preserves affine mappings.
Applying the theorem on geometric rigidity, we then conclude . If one takes the forces of the form h2f,
it is not difficult to conclude that the sequence of minimizers satisfies

_ 2
lim sup Hdist(vhnymhn , SO(3))‘ dz < Ch?,

n—+o0 L2(Q)

for some C > 0. The analysis then continues in the standard way, by analyzing the sequence (yflh" In-

3.6. Auxiliary claims. Results of this subsection, will be used in establishing the locality property of the
I'-closure. The arguments follow the standard arguments of I'-convergence. As in the next section we will
assume the pointwise coerciveness assumption from .
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Lemma 3.1. Let D C R? be open, bounded set having Lipschitz boundary and (hy), satisfying Assumption
. Let (Q"),, be a sequence of energy densities with the limit energy density Q°. Then for every M € S(w)

lim min Q" (x,0(M) + VY, )dx
n—00 e HY (DxI,R) Jpx1 '
=0 on ODXI

—  min / Q(z', My + V'w, My — V'"?v)da' .
weH;(D,R?), Jp
vEHZ(D)

Furthermore, for every r > 0 we have

lim inf min Q" (x,0(M) + VY, )dx
n—=o0  $peH (DxI,R®) JDxI
=0 on ODXI,
[[(31,%p2,hntbs)|l L2 <r

> min / Q°(z', My 4+ V'w, My — V'"?v)da' .
weH; (D,R?) ,veH3 (D), JD
llwllF o +llvlF o <r?
Proof. We prove the statements by means of the I'-convergence. For a fixed M € S(w), take a minimizing
sequence (1,bh")n C HY(D x I,R3) with " =0 on D x I satisfying

QM (z,0(M) + Vj, ")z = min Q" (z,s(M) + Vj, p)dz .
DxI YeH (DXI,R?) Jpx1
=0 on ODXI

Comparing with the zero function and using equi-boundednes and equi-coercivity of Q" , we find the uniform
bound
| sym Vy,, 4" ||z < C||M|z2, neN.

Applying Lemma there exist w € HL(D,R?), v € HZ(D), and sequences (o), ¢ H2(D), (4" )n C
HY(D x I,R?) satisfying

sym Vj,, " = o(sym V'w — £3V"%v) 4 sym th’lth"

and ( _i‘” , 1/_13", hnd;g") — 0 in the L?-norm as n — oco. From the definition of Q° we obtain the lower bound

lim inf min Q" (x, (M) + V), 4p)dx > min / Q(z', My + V'w, My — V'"?v)da' .
n—o0 peHYDxIR?) JpxT weH (DR, JD
=0 on dDxI vEHZ(D)

To prove the upper bound, take wq € H}(D,R?) and vy € HZ(D) such that

/ Q°(2', My + V'wy, My — V'"vj)da’ = min / Q° (', M1 + V'w, My — V?v)da’ .
D weH (D,R?), /D
veH (D)
Using Lemmal[2.1] (cf. Remark[2.2)), there exists a subsequence of (hy,),, (in the same notation) and a sequence
(xp""),, € HY(D x I) such that " =0 on D x I and

/ QO(I/, M1+VI’LU0, MQ — V/2’Uo)d1'/
D

= lim Q" (z, (M + V'wg — 3V"%0) + V9" )dx

n—oo DxI
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wo /
lh":<vo>—x3<vvo>, neN,

. 0

n

and noticing that I"» = 0 on D x I and

Defining

sym Vj,, 1" = o(sym V'wo — 23V"%00) ,

we conclude

lim sup min Q" (z,o(M) + Vi, p)da
n—oo YEH'(DxIR®) Jpx1
=0 on 0D XxI

< limsup Q" (z,0(M) + Vy,, (1" 4 " ))dz

n—oo DxI
— / Q%(z', My + V'wy, My — V"?vq)da’
D

which establishes the upper bound. The second statement follows the same way as the above proof of the
lower bound. 0O

The statement of the following lemma is well known. Briefly, it states that the pointwise convergence of
quadratic forms implies the convergence of minimizers.
Lemma 3.2. Let D C R? be open, bounded set having Lipschitz boundary and let Q™,Q : D x RSYXH% X
]Rfyxlﬁ — R, n € N, be uniformly bounded and coercive quadratic forms satisfying lim, ., Q™ (x', My, M5) =

Q(x', M1, M) for a.e. z' € D and for all M1, My € R2X2. Then for arbitrary M1, Mo € L?(D,R2%2)

sym* sym
lim min / Q" (z', My + sym V'u, My — V'?v)dz’
n—o0 yecH(D,R?),veH*(D),.)D
(u,v)EN(D)
= min / Q(z', My + sym V'u, My — V'%v)da’
uweH"(D,R*),veH?*(D), JD
(u,v)EN (D)

where N'(D) is a closed subset in weak H'(D,R?) x H?(D) topology satisfying
(u,v) € N(D) = [lufgr + [[v]lgz < C([[symul|r> + [[v]l22) -
Moreover, if (uy,vy,), are minimizers of
min / Q" (2, My + sym V'u, My — V'?v)dz’
uweH'(D,R?) ,veH*(D),.JD
(u,v)EN (D)
then we have || sym V(u — @)||z2 — 0 and |[|[V?(v, — 0)||z2 — 0 as n — oo, where (@, v) are minimizers of
min / Q(z', My 4 sym V'u, My — V"?v)dz’ .
ueHY(D,R?),veH?*(D),.JD
(u,v)EN(D)

Proof. For the sake of brevity, assume M = M5 = 0. By the direct methods of the calculus of variations,
using the uniform coercivity and the Korn’s inequality, minima (w,,v,) € N'(D) always exist:

/ Q" (', sym V'u,,, —V"?v,)d2’ = min / Q" (', sym V'u, —V"?v)dz’ .
D weH'(D,R?) ,veH?*(D),.JD
(u,v)eEN (D)
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Let w € HY(D,R?) and © € H?*(D) be weak limits of (u,), and (v,),, respectively. For 2’ € D, let

AM(a')  RZX2 X RZXE — R2X2 x R2%2 be the corresponding linear symmetric operator of the form Q" (x’, -, -)

satisfying
Q" (z', My, My) = A™(z') (M, My) : (M1, M), YM, M, c R2X?

sym
and A™(z’) be the corresponding operator of the form Q(z’,-,-). Note that A™(z’), A(z’) are bounded and
satisfy A™(z') — A(z’) for a.e. 2’ € D. Therefore

(46) /D Q" (2',sym V'u,, V?v,)dz’ = /DA"(J:')(sym V', V'%0) : (sym V'@, V'?0)dz’
42 /D A™(@)(sym Vit V725) : (sym V' (wn — @0), V(v — 5))da’
+ /D A" (@) (sym V' (u,, — @), V'*(v, — 0)) : (sym V' (u,, — @), V'*(v, — 9))da’
> /D A"(2")(sym V'@, V'?9) : (sym V'a, V'?0)da’
+2 /D A"(2")(sym V'@, V'?7) : (sym V' (w,, — @), V' (v, — 0))da’

a . -
+ 5 (lsym V' (wn = @)|[72 + [V (0n = 9)[172)
By the Lebesgue dominated convergence theorem
/ A™(2")(sym V'@, V'?D) : (sym V'a, V20)da’ — / A(2")(sym V'@, VD) : (sym V'a, V20)da’
D D

as m — oo. Using the strong convergence of operators A"(z') — A(z’) and the weak convergence of the
sequences (), and (v,),, we conclude

/ A™(2")(sym V'@, V'?D) : (sym V' (u,, — @), V'*(v,, — 0))da’ — 0.
D
Thus,

1i1r_1>inf/ Q"(2',sym V'u,, V?v,)dz’ > / Q(2',sym V'@, V'?0)da’

which shows the lower bound. The upper bound is trivial by simply using the constant sequences u,, = u
and v, = 0. Along the same path we also proved that (@, ?) are indeed minimizers of

/ Q(z',sym V'u, V?v)da' .
D
The strong convergence follows by going back to the inequality and letting n — oo. O

The following result is analogous to [4, Lemma 2.3].

Lemma 3.3. Let QQ : w X ngxrfl X ngxnf — R be uniformly bounded and coercive quadratic functional and

Sm)m decreasing to zero sequence. Then for a.e. x}y € w and arbitrary D C [0,1]2, M1, My € L?(D,R2X2),
0

Sym

lim min / Q(x} + sm7, My +sym V'u, My — V'"%0)d2’
m—oo yecHY(D,R?),veH?*(D),JD
(u,v)EN (D)

" wer'(p ﬂ?’})in eH%(D) / Q(ap, M1 +sym V'u, My — V0)dz',
“ R, v /D
(u,v)EN (D)
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where N'(D) is from Lemma above.

Proof. Using Lemma 5.38 from [2], for a.e. f, € w, there exists a subsequence, still denoted by (S, )m, and
E C [0,1])? of measure zero such that
lim Q(af+ sm?'s") = Qs )

m

locally uniformly in R2X2 x R2%2 for every 2’ € [0,1]?\E. The statement then follows from Lemma O

sym Sym

4. LOCALITY OF I'-CLOSURE

In this section we prove Theorem|[I.2] which states that every effective energy density obtained by mixing N
different materials can be locally (in almost every point) recovered as pointwise limit of in-plane periodically
homogenized energy densities. We assume the pointwise uniform boundedness and coercivity condition .
First we recall the definition of variational functinals, which will be frequently used in the sequel.

Remark 4.1. Utilizing topological characterizations and Lemma[2.1] we have the following identities for every
A C w with Lipschitz boundary (see Remark [2.1(d))

Kienny(M,A) = sup liminf IEX;L,L (M,A,U)= sup limsup IEX;L,L (M,AU),

UCN(0) "7 UCN(0) n—o0
= sup liminf /E?(,Ln (M,A,U) = sup limsup l%?(hn (M,AU),
UCN(0) 7@ UCN(0) n—oo

where IEth is as in Remark a) and

(47) K. (M, AU) = inf QX" (z,2(M) + V), 1p)da .
X YeH (AxLRY) Jax1
(Y1,%2,hntp3) €U
=0 on OAXI
The following result, given in [4, Lemma 3.2], states that every effective energy density can be generated by
a sequence of mixtures of fixed volume portions.

Lemma 4.1. Let (x"), C XN(Q) be a sequence of miztures with limit energy density Q and assume
that X" = p € L®(Q,[0,1]N). There exists another sequence (X"), C XN(Q) such that X" = u in
L>(9Q,[0,1]V) and

Q

where fi; = fQ wi(z)dx. Moreover, the sequence of miztures with fized volume fractions (Y"*),, has the same
limit energy density Q.

Proof. Proof of the existence of (Y""), follows [4, Lemma 3.2]. Construction is performed in such a way
that [{x"» # x"»}| — 0. In order to prove that the limit energy density is the same, it is enough to see that
for every sequence (3"),, ¢ H'(Q,R?), such that (|sym Vj, 9""|?),, is equi-integrable, we have

hn

QX" (z,u(M) + Vi, ") de — | Q" (z,u(M) + Vi, ") da| <
Q Q

de -0, VM€ Sw).

26/ [e(M) + sym thz,bh”
{xXhn#x"n}

O
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Definition 4.1. For a sequence (h,,), monotonically decreasing to zero, 6 € [0,1]" such that Zi\; 0, =1
and Q = w x I with w C R?, we define Qéh")(w) as the set of all homogeneous quadratic forms @ :
R2X2 xR2%2 — R which are limit energy densities of a mixture (x"), C XN (Q) satisfying: [, X (z)da = 6

and x" = pin L(, [0,1]Y) for some p € L>®(1,[0,1]") such that [, pi;(z3)dzs = 0;, foralli=1,...,N.

Remark 4.2. Note that Qéh")(w) a priori depends on the sequence (hy,),, and at this point it is not clear
whether it is independent of (h,,). We will prove that in the sequel.

Proposition 4.2. Let Q = w x I and Q = @ x I, where w, @ C R? open, bounded set having Lipschitz
boundary and s > 0 such that zf, + s& C w for some xf € w. For any (hyp)n, hy 1 0, and 0 € [0,1]Y we have

(48) Gy (w) € 6" (@).

Proof. Let Q € géh")(w) be a homogeneous limit energy density of the sequence of mixtures (x~), of
fixed volume fractions 6; satisfying " = p; for some p € L>(I,[0,1]") such that J; pi(zs)des = 65, for

i =1,...,N. Define a new sequence of mixtures ()Zh;z)n c XN(Q), depending on the scaled sequence of
thickness h], = hy, /s, n € N, by

X'y ys) = X" (g + sy, y3), y € Q.
For arbitrary ¢ € L'(£2), one easily concludes that Ja )Z?," (W)o(y)dy — [o p1i(ys)o(y)dy, as n — oo, hence

)s
)Zh'/n X pin L‘X’(Q, [0, 1]™). Using the homogeneity of Q and the definition of K (xnny, for arbitrary M1, M €

2x2
R 7w, we have

1 -
Q(M, M>) = WK(th)(Ml + 23 Mo, 74 + s)

1 vn
— & lim liminf in / Q" (,u(M) + Vi, () )da
$2|@[ =0 =00 yeH (ah+s@)x LR), J (a) +53)x T

(Y1,%2,hntp3)EB(r,T)
1

= —— lim lim sup inf , / QX" (z,«(M) + Vj,, ¥(z))dz .
$2|@] 120 oo weH! (wh+s)x LR?), J (2 +-s0) x I

(1,2, hntp3)€B(r,r)

Next, for ¢ € H'(Q,R3) define &(y’,yg) = %1/)(9:6 + sy’,ys3) and note that Vj 1 = Vh;l{b. Changing
variables in the above integral yields

1 o -
Q(Mq,M3) = — lim lim inf _ inf / QX" (y,o(M) + Vi p(y))dy
|w| r—0 n—oo ) ~1/;€Hi(&;><I,JR3), axl n
(P1,2,hyp3)€B(r/s,1/s%)
1 n! -
= — lim lim sup ~inf / QX' (y,2(M) + Vi ¥(y))dy
|&] =0 0o PpeH (OxI,R?), oxI "

(1,92, b, p3)EB(r/s,m /%)

1
]C(thl)(Ml + .Z‘gMQ,L:J).

El
Hence, ()Zhit)n has the same limit energy density (. Finally, applying Lemma we infer that @ €
Gy (@). O

Proposition 4.3. Let Q = wx I withw C R? open, bounded set having Lipschitz boundary, (h,), a sequence,
hn 10, and 6 € [0,1]V. Set G§") (w) is closed.
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Proof. Let (Qum)m C Qéh")(w) be a sequence of homogeneous quadratic forms, @Q its limit, and (x"™),, C
XN (Q) respective sequences of mixtures with limit energy densities Q,,. Take an arbitrary M, My € R2X2
and A C w open subset with Lipschitz boundary. By homogeneity of @Q,, and definition of @W (cf. ,
for arbitrary r > 0 we conclude

lim sup K9n, . (M1 + 23 M2, A, B(r)) < |A|Qum(M1, M>),

n—oo
where B(r) denotes the ball of radius r > 0 around the origin in the strong L?-topology. Therefore,
(49) lim sup lim sup K2,.,, .. (M1 + 23 M, A, B(r)) < |A|Q(M 1, M>).

m—r o0 n— oo

Applying Lemma [3.I] and using homogeneity and convexity of quadratic forms Q,,, for arbitrary 7 > 0 we
obtain

lim inf iéghn,m (M; + x3Ms2,A,B(r)) >  min / Qum(M; + V'w, My — V"?v)da’
n—00 weHF(AR?), J A
vEHZ(A)

Z |A‘Qm(M17 M2) )
which implies

(50) lim inf lim inf K., ... (M1 + 23 M3, A, B(r)) > |A|Q(M, M)

m— oo n— oo

By assumption there exists a sequence (u™),, C L>®(I,[0,1]") such that X?”’m 5o for every i =
1,...,N and m € N. According to the Banach-Alaoglu theorem, there exists a subsequence still denoted by
(™) which weakly* converges to some pu € L (1,[0,1]"). Next we take countable dense families: (Dg)g
of open Lipschitz subsets in w; (M j, M2 ;); C RZX2 x R2X2: (¢x)r C L' (£2); monotonically decreasing to

sym sym)
1

zero sequence (rp);; and define doubly indexed family (gn m)n,men by

> ) 1 ~

+ Z 2_]_k_l min 7’C0hn,m(M1,j+$3M2’j,Dk7B(ﬂ))—Q(Ml’j,MQ’j)
Jokid=1 [Dil

_ —k R _,m
n.m = ;2 mm{i_nlr{afN‘ /Q (xi () = i (xs)) ¢x(x)de

,1} .
The weak* convergence X?"’m N p* for every ¢ = 1,...,N and m € N, and bounds 1) - imply

liminf,, o liminf, o0 gn,m = limsup,,_, . limsup,_,.o gn.m = 0. Utilizing the standard diagonalization
procedure (cf. [3, Lemma 1.15 and Corollary 1.16]), there exists an increasing function n — m(n) such that

Therefore, using p™ - p, we obtain

(51) lim (x?’“m(n)(x) - ui(x3)> ¢p(x)de =0, VkeN,i=1,...,N,
. 1 = .
(52) Jim. (|Dk/€?{hn,m<n> (M,j +x3Ms3 5, Di, B(r1)) — Q(Ml,j,Mz,j)> =0, VjkleN.

It is important to note here that in the diagonalization procedure we do not need to pass on a subsequence
with respect to n. Defining Y~ := "™ n € N, we conclude from , using the density argument,



25

that Y = g in L>(,[0,1]V). Using (52)) and the fact that
lim lim IC hn (M1 i + $3M27], Dk, B( )) = K(ihn)(MLj + ZIJ3M27j,Dk) 5

l— 00 n—00

again by the density argument for sets we conclude that () is the limit energy density of the mixture
(X" € XN (). O

Proposition 4.4. For every (hy,), monotonically decreasing to zero we have gg"")([o, 1]?) = Py.

Proof. Obviously by construction Qg C géh”)([O, 1]?), and by the closure property we have inclusion Py C
Qéh")([o7 1]2). On the other hand, let (x"), ¢ AN([0,1]? x I) such that f[01 ijf"( )dz = 6, for i =

1,...,N, x" 5y e L=(1,]0,1]), and x"» has the homogeneous limit energy density Q € g(h ([0, 1]2).
Usmg the convexity of () and applying Lemman for every M1, M, € R2X2 we obtain

sym
Q(Mi,M5)=  min QM +V'w, My — V'"?v)da’
weH (T?,R?), JT2
vEH?(T?)

L . o

o ez WQ (0t (M s M) ¥, )

= nh—?go weHl iin ) Z Ahn (z,0o(M1 + x3M3) + Vj, 1)dx
where for each n € N, {A?”}Z—:LMN is the partition of T? x I. Thus, Q € Ps. ]

Remark 4.3. It is not strange that we can approximate the limit energy density by densities of the form @),
with arbitrary small 4’s (see (L0)). Recall, the meaning of the parameter v is v = limj_,(h/e(h)), where
e(h) is the period of oscillations. Thus, by taking that period arbitrary large by multiplying it with a natural
number, we can make v as small as we wish.

Corollary 4.5. géh")(w) is independent of the sequence (hy)n and the set w.
Proof. According to Proposition there exist sq,s2 > 0, such that

hn/s hn hyn/s
(53) Gy ([0,117) € G5™ (w) € G/ ((0.1%).

Since, according to the previous proposition, ggh")([o, 1]?) does not depend on the sequence (h,,),, we have
equalities in and the claim follows. O

The following lemma is helpful for proving Theorem We employ the following notation: Let ("), C
XN (Q) be a sequence of mixtures, 2, € w and (S,)m decreasing to zero sequence of positive numbers such
that ), + 51[0,1]2 C w. Then for each s,,, we denote by x"»m (2/, x3) := x"" (v} + s,»2’, x3) the sequence in
XN([0,1)2 x I), where hy,m = hn/Sm. Also, we define B(r1,r2) = {¢p € HY (D x I,R3) : ||(¢1,%2)]/12 <
r1, |32 < 72}, for some D C [0,1]2.

Lemma 4.6. Let (x""), € XN(Q) has the limit energy density Q. Then for almost every xf € w, every
D C [0,1]2 of class C*Y, r > 0, and M1, My € R2X2 we have

Sym

Q(x}, M1, M 5) = lim inf lim inf ICO

hmm

(M1 + x3My, D, B(r,7))

= lim sup lim sup —Iﬂéihn’m (M +x3Ms, D, B(r,1)).

m—00  N—00 |D|
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Proof. Let My, My € R2X2. Take the sequence of minima (¢""),, C H'((x{ + sm D) x I, R?) such that for
every m € N

Koy (M + 23 Mo, ) + 5, D, B(r1,72)) = / QX" (w,u( My + 23M>) + Vi, 9"™)dz,
(zh+smD)xI
Y™™ =0 on O(zg + s D) x I, [|[(Y17™, 95" )||lL2 < 1, and [|hyyp3"™" (|2 < 7. For arbitrary m € N and
Y € H'((zf + s, D) x I,R?), define 9(2, 23) = J-ap(afy + s,n2’, 23) € H'(D x I,R?), and observe that

vhnﬂn’[/} = vhn"/’ .

Next, changing variables in the above integral, we obtain

K

(M1 + x3Ms, 2 + sy D, B(r,1)) = s, QX" (w,o(My + 23 M) + Vi, "
DxI

= S?nlcihn,m (Ml + x3M27D7B(T/Sma T/Sgn)) :

?c"n )dx
Therefore, by the definition of IE?(M,

- 1 ~
lim sup IC;J(hnvm (M +23My, D, B(r,7)) = limsup —K2,., (M1 + 23 Mo,z + 8., D, B(s,,7, 8%,1))

2 r m
n—00 n—oo Sm X

IN

1 ~
ST’C(Xh")(Ml + x3Mo, ],‘6 + SmD)

1
= ST/ Q(I,,Ml,Mg)dI,:/ Q(SEB—FSm{E/,Ml,MQ)d{E/.
m Jxj+s,mD D
Finally, for any x{,, Lebesgue point of Q, we get

limsuplimsupl%?(hn’m(Ml +23My, D, B(r,7)) < |D|Q(z4, M1, M) .

m—r oo n—oo

On the other hand, using Lemma we compute the lower bound as

lim inf K

n—oo

1 ~
(M 4+ x3Ms5, D, B(r,r)) = liminf TICQ,I” (M + 23Mo, ) + 8,7, D, B(smr, s2,7))

0
h
xomm n—oo 8§
m

R =
> lim inf TIC?(,M (M; + x3Mo, z, + sm D, B(co,00))

n—oo §2,
. 1 ’ / 2 ’
> min - Q' M+ V'w, My — V'*v)dx
wEHG (z)+smD,R?), Spy &) 4-5m D
vEHZ (x)+8m D)

=  min / Q(x) + sma’, My + V'w, My — V'?v)da’ .
weH}(D,R?), /D
vEHZ (D)

Applying Corollary for a.e. z € w we have

lim min / Q(xf + sma’, My + V'w, My — V'?v)da’
m—o weHj(D,R?),.Jp
vEHZ(D)

= min / Q(zh, M1 + V'w, My — V'?v)da' = |D|Q(zf, M1, M>).
weH} (D,R?), Jp
vEHZ(D)
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The latter equality follows by the convexity of (). The obtained chain of inequalities
lim sup limsup K2, (M1 + 23 M0, D, B(r, 1)) < |D|Q(x), M1, M)

m— 00 n—oo

< lim inf lim inf KC° (M1 + 23M5, D, B(r,1))

honym
m—o00 mn—00 X

implies the claim. ([

Proof of Theorem[I.3 | (i) = (ii)| We will prove that for a.e. z{, € w, Q(z,-,-) € Go(xy), and the claim will
follow by Proposition Define (x"#m), . as before, then for every i = 1,..., N and ¢ € L*([0,1]? x I),
we calculate for a.e. xj, € w

lim lim
m—00 N—00

/[0,1]2x1 (X?mm(x) N “i(xf)a%)) ¢(z)dz

/ /
Tr — Xy

' — x|

= lim lim —
m—00 n—00 S;.

,.133)(1.73

/ (ma(a w5) — s(y w5))
(@l +5m[0,1)2)x T

Sm

(54) < ol Jim o [ i’ 05) — il v5) de = 0.
M0 S J (x)45m[0,1]2) X I

The last equality is easy to argument by the Lebesgue dominated convergence theorem and using the facts

that u; € L®(w x I) and for a.e. x}, € w, (x{,x3) is the Lebesgue point for yu;(-,z3) for a.e. x3 € I. Next

we proceed as in the proof of Proposition For countable dense families: (Dy)y of open Lipschitz subsets

in [0,1]%; (M j, M2 ;); C RZX2 x RZX2: (¢r)r € C([0,1]2 x I), dense in L*([0,1]? x I); and monotonically

decreasing to zero sequence (r;);, define doubly indexed family (gn m)n,men by

(o]
= 2% min max 1
Gn,m ; max :

. 1 ~
+ Z 279k lmln{ m’cihn,m(Ml,j+$3M2,j7ch,B(7‘l77“l))—Q(JJG,MLjaMz,j)
Gk l=1

[ (@) =t z)) du(a)do
[0,1]12x 1T

1)

Employing and the previous lemma, it follows that limsup,, . limsup, _,. gn,m = 0. By already
utilized diagonal procedure, there exists an increasing function n — m(n) such that lim, o gn m(n) = 0.
The latter implies

lim (X?"’m(“(x) - ,ui(mf),scg)) ¢p(x)dxr =0, VkeN,i=1,...,N,
=0 J10,1)2x 1T

1 ~
: - %0
A (|Dk|Kxh’"’m<”>

and we conclude the proof as in Proposition [4.3]

(M ; +x3Ms j, Dy, B(r,11)) — Q(wé,Ml,j,sz)) =0, VjkleN,

(i) < (ii) | For readability reasons, the proof of this direction is devided into Steps 1-4.

Step 1. Performing completely analogous construction from [4, Theorem 3.5], which utilizes the Lusin and
the Scorza Dragoni theorems (cf. [11]), as well as the diagonal procedure, for every m € N one constructs a
sequence (xY"™),, C XN (Q) satisfying:
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(55) lim lim / XM (@ xs)p(a)dr = / 0;(z")p(2")da’
for every i =1,...,N and ¢ € L'(w).
(ii) for each m € N there exists a partition of € into a finite number of M(m) open Lipschitz subsets
{Ujm X I} j=1,... . m(m) such that Uy, x I| = 0 as m — oo, and for every j = 2,..., M(m), there exists
) € Ujm such that the sequence (x""|u; ,.x1)n C XN (Ujm x I) has the homogeneous limit energy
density Q(J:;-_’m, ) € Goar -

J,m

(iii) for the sequence of quadratic functions defined by
M(m)
Qm(xla M, MZ) = ]lUl,mQ(m/7 M, M2) + Z llUj,mQ(x;',nu M, MQ)
j=2

one can prove

(56) tim [ sup(Qu(e!, M M) - Q' My, Ma)lde’ =0
M0 | My |+| M2 |<r
for every r > 0. From this we can assume that (Q,,)m converges to @, i.e. for a.e. ' € w and for all
M., M, € ]ngxr?l, limyy, s 00 Qm (', M1, M5) = Q(z', M1, M5). This follows by taking the subsequence
such that we have pointwise convergence of the integral function in .
The proof is done first by taking a sequence of compact subsets K, of  such that |Q\K,,| < % and such
that functions ¢; and Q(-,,-) are continuous on K,,. Then we divide w into k pieces {U; ik m}j=1,. k with
Lipschitz boundary such that limy_,. maxi<j<idiamU, ., = 0. Next, in every U, ., which intersects
with K,,, we choose x;m € Ky, NUj k,m. Those which do not intersect with K, we join in U; . For each
' 1. m We choose a sequence (™R g wDn © XN (Ujgm x I) that has the homogeneous limit energy

J
density Q(x;,km, ) € gg(m}k’m). Then we fill the domain with N materials on each U} », according to the

sequence of characteristic functions (on Ui i, we put, e.g. the material with energy density Q). In this way
we define the sequence (x™*™),, C XN (Q). Finally, we perform the diagonalization to find M (m) = k(m)
for which and is satisfied (see [4] for details).

Step 2 (Upper bound). For arbitrary sequence (hy,)n, hy 4 0, and for every m € N, denote y"»m = y
For fixed m € N and arbitrary r > 0, we estimate

lim sup Kihn,m (Ml + .T3M2, A, B(’f‘)) S E(th,m)(Ml + .TgMQ, A)

n,m

n—00
= K(Xh"”m'wl,mxl)(Ml + x3Mo, AN U1,7n) + K(Xh'”’WL‘UijXI)(Ml + x3Mo, AN UJ"m)
j=2
M(m)
= IC(Xh"‘m|U1,m><I)(M1 =+ I3M2, A N ULm) =+ Z ‘A n Uj,m‘Q(m;',m; ]\4'17 MQ)
=2
= K(Xh"‘m|U1,m><I)(M1 +x3Msy, AN Ul,m) + /A\U Qm(x/, M, MQ)dx/ .
1,m

Using the fact that |Uy | — 0 as m — oo, identity implies the following upper bound

(57) limsuplimsuplzihmm (M1 + x3Ms, A, B(r)) < / Q(x', My, M5)dz .
A

m— 00 n—oo
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Step 3 (Lower bound). Again take an arbitrary decreasing to zero sequence (h,,),, and denote x/nm = x™™
with x™™ constructed in Step 1. For each m € N take (on a subsequence of (h,),) a minimizing sequence
(™), C H'(A x I,R?) such that ™™ =0 on 04 x I, ||(v7"™, 05" hntbs"™) |2 < r and

kﬁ?{hn,m (Ml —+ 503]\4-27 A, B(’I‘)) = Qxhn’m (JC, Z(Ml —+ I3M2) =+ thl/;"’m)dx
AxI
for all n,m € N. Using the equi-coercivity of Q¥"™™ and Lemma there exist w € H} (A, R?), v € H3(A),
and ("), € HY(Ax I,R3) satisfying |[w]|2, +[[v]2. <2, 9" =00n dAXI, (1™, 05" hythy™) — 0
strongly in the L?-norm as n — oo, and the following identity holds (again on a subsequence)

(58) sym V, ™™ = o(sym V'w — 23V'%0) +sym V9
By the definition of K(th,m) and using it follows
M(m) _
hnlglgflc B (M1 +ax3M>, A B( )) > ]C(Xh'"’m\uj mxl)(Ml +a3Moy +Vw — $3V/2U, AN Uj7m)
j=2
M(m)
_ / Qs My + V'w, My — V'0)da’
=2 JANU;m
Since
lim Q(2', My + V'w, My — V'?v)dz' =0,

m—oo AﬂUl,'m

by the Lebesgue dominated convergence theorem we conclude

lim inf lim inf K° hnm(Ml +ax3Mo, A, B(r / Q(z', My 4+ V'w, My — V'?v)dx
m—00 n—oo
hence, the lower bound
llrglnf hrglnf IC(Xn my (M1 +23M>, A, B(r)) > , omin / Q(z', My + V'w, My — V'"?v)da’
m—00 n—oo weH,(AR"),veHS(A)
w32 +lvl|F 2 <r?
(59) = mQ(Ml,Mg,A,B(r))

is established.
Step 4 (Diagonalization). Likewise in the first part of the proof, take dense families: (Dy), of open Lipschitz
subsets in w; (M1 j, Mo ;); C R2X2 x R2X2; (¢r)r C L' (w); and monotonically decreasing to zero sequence

sym sym?
1

(r1)1, and define doubly indexed family (gn, m )n,men by
Dy,

Yn,m = E 2” kmln{ max
i=1,...,N

+ Z 277" min { (’Eihn,m (M1,; +23M32 ;, Dy, B(r)) —
Jik,l=1

(@) - 06 ) on(a)de

wX

Q(x’,MLj,Mg’j)dx) ,1}
+

+ Z Z_j_k_l min{<mQ(MlaM27DkaB(rl)) _kv:g)(hn,m (Ml,j +.’L‘3M2,j,Dk,B(7‘Z))>+ 51} )
7.k,1=1
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where (-); =max{-,0}. Invoking (55), upper bound and lower bound (59), we infer that
limsup,,_,. limsup,, ,.o gn,m = 0. Again using diagonal procedure, there exists an increasing function
n — m(n), such that lim, e gn m(n) = 0, which implies

lim (X?"’M"’) (', 23) — 91-(:3’)) ¢p(x)dr =0, VkeN,i=1,...,N,

n—oo wxI

limsupi(v:?(hnml(n) (MLJ +$3M27j,Dk,B(m)) < Q(aj/’MLj,Mg,j)dx/, Vi k,l € N,

n—00 Dy,

liminflzo (M1’j+$3M2’j,Dk,B(Tl)) ZmQ(Ml,MQ,Dk7B(Tl)), Vj,kJEN.

possapes th,7n(1L)
First, by the density argument observe that the sequence "= := xnm n € N, satisfies that [, X (-, z3)dz3
weakly* converges to @ in L (w, [0,1]"V). After noticing that

lim mQ(Ml,j7M2,j7DkaB(Tl)) = Q(l‘/,MLj,MQ’j)d.I‘/, \V’j,kj S N,

=00 Dy

again by the density argument we infer
’E(ih%)(Ml + .’E3M2, A) = / Q(.’El, Ml, MQ)d.’EI
A

for all My, M, € R2%X2 and A C w open subset with Lipschitz boundary. Finally, taking a suitable subse-

sym
quence, still denoted by (h),)n, such that ' weakly* converges, finishes the proof. |
APPENDIX A.

Theorem A.1 (Korn inequalities, [16]). Let p > 1, Q C R3 and T' C 9Q of positive measure, then the
following inequalities hold:

(60) 1%l < Cx (1917, +Isym Vepl7,) . Vo € WHP(Q,R?),
(61) [l < ORI, 0 + Isym VllL,) . Vi € WHP(Q,R?),
where positive constants Cy and Ck depend only on p, Q and T.

Theorem A.2 (Griso’s decomposition, [14]). Let w C R? with Lipschitz boundary and 9 € H'(w x I,R3),
then for arbitrary h > 0 the following identity holds

Y1(a’) + ra(2)as + 1 (x)

(62) Y =P(2)) +r(2') A zses + () = ha(a') = ri(a)zs +1ha(x)
P3(a') +P3(x)

where

(63) @) = [ dn, r@) =3 [ae Al a)dos.

Moreover, the following inequality holds

N - 1 -n
(64) sy V(@ + 7 A zses) |3 + Vil + 25 19" 3 < Cllsym Vagh|3s
with constant C' > 0 depending only on w.

The following corollary is the direct consequence of Theorem m (relation , ie. ), Poincare and
Korn inequalities.
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Corollary A.3 (Korn’s inequality for thin domains). Let w C R? and T’ C 99 of positive measure, then the
following inequalities hold

(1,2, hnt03) 170 < O (| (01, W2, hnths) |32 + || sym Vipap||72) ,  Vap € H' (w x I,R?);
(1, %2y htos) 7 < ORI (W1, @2, hnths) [Ty + lsym Vadpll7z) . Vo € H'(w x I,R?),
where positive constants Cr and C’; depend only on w and T'.

The following lemma tells us additional information on the weak limit of sequence that has bounded
symmetrized scaled gradients.

Lemma A.4. Let w C R? be a bounded set with Lipschitz boundary and (hy,), monotonically decreasing to
zero sequence of positive reals. Let (wh)n C HY(wx I,R?) which for alln € N equals zero on Tgx I C dwx I
of strictly positive surface measure, and

limsup || sym Vj,, 4" || 1> < o0,

n— oo

then there exists a subsequence (still denoted by (hy)y) for which it holds
sym Vy, ™ = i(—23V"?0 4+ sym V'w) + sym th'c,_/)h”,

for some v € HE (w), w € Hf (w,R?) and a sequence ('(th")n C HY(w x I,R3) satisfies @h" =0onTyxI
and (15?”,1;3", hnﬁg") — 0 in the L?>-norm. Furthermore,

[0l 72 + lwlfz < limsup |[(¥1, 5", hatpy™) 17

|72 -
n—00

Proof. Applying the Griso’s decomopsition (Theorem |A.2|) on each P we find
W (@) = (@) 4 7 (@) A ases + a (o),

with sequences 1,b =/ " (2! xs)das, rin(2)) = 3 [, wses A " (2! x3)das and P satisfying the
following a priori estlmate

A o 1 A
(63) ||symv’<w?n,w3">uiz+Eusymv’< i >||Lz+2h2 |01 () + v 3
+ gizlOa(hdle) = i + 198" B + g™ s < Cllsym V™ s < C.

Together with the Korn’s inequality with boundary condition (cf. Theorem-, the above estimate implies
(on a subsequence)

(P i) ~w  weakly in H'(w,R?) and 7' =7 weakly in H'(w,R?).
Furthermore, using the triangle inequality and estimate (65))

ﬁl(hn{bgn) — —ry and (’92(/1”1212”) — 7 strongly in L?(w).

By the compactness of the trace operator, r € H%d(w,]RQ), thus, by the Korn’s inequality, there exists
v € HE (w) such that

~ hn
hns — v strongly in Hl(w), and ry =dv, 1o =—-01v.
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Defining
w(z’) 1o
= by Viv(x
P =@ - | o) | (V).
h"fl/
it is easy to check (7])?”, QZQ",hnz/_JQ”) — 0 in the L?-norm, which finishes the proof. |

The following lemma is given in [25 Proposition 3.3]. It is a consequence of Theorem It tells us how
we can further decompose the sequence of deformations that has bounded symmetrized scaled gradient.

Lemma A.5. Let A C R? with CY! boundary. Denote by {A;}i=1,... k the connected components of A. Let
(’l/’h")n C HY(A x I,R3) be such that

T/Jh"'alffh”, hnz/;ﬁ” — 0, strongly in L?, VneN, Vi=1,...,k, 1/Jh" —0,
1 2 3 .
A;

limsup || sym Vj, 4" || » < M < oc.

n—oo
Then there exist (¢ )nen C H2(A), ({ph”)neN C HY(A x I,R3) such that

3 hn
sym Vhwwh" = —x3(sym V2" ) + sym Vi, Y + ol
where o' € L2(A x I, R3*3) is such that o'"» — 0, strongly in L?, and the following properties hold

~hn
w19 ) =0,

LQ) < C(A)M.

lim <||<ph"
n— o0

. ~hp
timsup (" s + Vi, %
n—oo

The following lemma is given in [25] Lemma 3.6]. Although the claim can be put in more general form
(since the argument is simple truncation), we state it only in the form we need here.
Lemma A.6. Let p > 1 and A C R? be an open, bounded set. Let (" ),en € WHP(A x I,R?) and

(" Ynen C W2P(A). Suppose that (|V’2g0h"\p)neN and (\thi/)h”|p> o are equi-integrable and
ne

lim (||<phn||wl,p + ||¢h"||Lp) —0.

n— oo
Then there exist sequences (@' )pen C W2P(A), (" )pen C WIP(AX I, R3) and a sequence of sets (Ap)nen
such that for eachn € N, A, < Apy1 < A and UpenA, = A and
(a) " =0, V'@" =0 in a neighborhood of A, 1,~bhn =0 in a neighborhood of 0A x I;
(0) " =" on Ay x I, @ = P on Ay;
~ ~ hn ~ hn

(¢) " = " llwew = 0, [ =" |wio =0, [Va,9b " = Vi, " |» =0, as n = oo.

The following two lemmas are given in [13] and [6]. The proof of the second claim in the first lemma is
given in [25 Proposition A.5] as an adaptation of the result given in [I3].

Lemma A.7. Letp > 1 and A CR" be an open bounded set.
(a) Let (w™),en be a bounded sequence in W'P(A). Then there exist a subsequence (w™*)) ey and a sequence
(2%)ken € WEP(A) such that
[{2* # w" W} = 0,
as k — oo and (|Vzk|p)keN is equi-integrable. Each 2 may be chosen to be Lipschitz function. If
w" — w weakly in WYP, then 2% — w weakly in WP,
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(b) Let (w™)nen be a bounded sequence in WP (A). Then there exist a subsequence (w™*))zen and a sequence
(%) pen € W2P(A) such that
{z" # " P} =0,
as k — oo and (|V2zk|p)kEN is equi-integrable. Each z* may be chosen such that z¥ € W2>(S). If
w™ — w weakly in W2P, then zF — w weakly in WP,

Lemma A.8. Let p > 1 and A C R? be an open bounded set with Lipschitz boundary. Let (hy)nen be a
sequence of positive numbers converging to 0 and let (w"),eny € WHP(A x I,R?) be a bounded sequence
satisfying:

R

limsup ||V, w"" ||» < +oo0.

neN
Then there exists a subsequence (w"»® ) cn and a sequence (2" ® )yen such that

|2hne) £ | 0,

as k — oo and |th(k)zh"(k> [P is equi-integable. If whn — w € WIP(A,R®) weakly in WHP, then z»® — w
in WYHP. Each z"® may be chosen such that |th(k)zh"<k>| s bounded.

The following lemma is given in [25] Lemma 3.4]. For the sake of completeness, we will give also the proof.

Lemma A.9 (continuity in M). Under the uniform coerciveness and boundedness assumption , there
exists a constant C > 0 depending only on « and B, such that for every sequence (hy), monotonically
decreasing to zero and A C w open set with Lipschitz boundary it holds:

(M3, A)| < C|My— Moz ([|Mi][r2 + | M2]|r2) ,
VMl,MQES(w),

Proof. Due to relation (13), it is enough to assume A = w. For fixed My, M, € S(w) and 7, h,, > 0 take
arbitrary 1,[171“\/}}: € H'(Q,R?), which for o = 1,2 satisfy:

+ 4
(66) K, (M, A) = K5,

(67) / Q" (gc u(M,) + vhnng’};) dz <
Q
inf Q" (x,u(My) + Vi, ) dx + hy, .
PpeHL(Q,R3)

(1,2, hng) 2 <r
W55 o Aty e < v
We want to prove that for every r > 0 we have
[ @ (w0 + 9,3l ) do = [ Q4 (M) + Vi3 dw\
Q Q
< O My — M| 2 ([[My|z2 + [ M2 L2) + o -

From that, can be easily obtained by using for a family of balls of radius r.
Let us prove . From and , by testing with zero function, we can assume for o = 1,2

(68)

oMo +sym Vi, iz F < [ @ (w,0(Ma) + Va1 ) do < BIMl
X

From this we have for « = 1,2

(69) lsym Vi, e 72 < Cla, B)| M| 7.
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Without any loss of generality we can also assume that

(70)

/Q Q" (M) + Vi, Yt ) da > /Q Q" (M) + Vo, $31, ) do.

We have

@ () + Vit ) e = [ Q@ (M) 4 Vi, ) oo

= [, @ (eaa0) + Vi, wiir ) dr - [ Q' () + V1,057 ) d
Q Q
Q2 Q

+/ QM (z,L(Ml)—Fthwg’;;) dx—/Qh" (JI,L(MQ)—FV}MI/J?\’/?;) dz
Q Q
< hn + Cla, B)[| My = M|z (| My]lz2 + [ M2]|22),

where we used , and respectively. This concludes the proof. (|
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