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Summary

Imaging methods of fluorescence and nuclear 
magnetic resonance are based on 
characterization of relaxation processes from 
excited state. Typical signal coming from such 
processes is a sum of exponential functions. This 
type of signal is also characteristic for decay of 
mixture of radionuclides, parallel chemical 
reactions, pharmacological modelling, etc.
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Summary:

This is important and difficult problem. 
Often the techniques are chosen that are 
noise sensitive and their error poorly 
understood. We present general, numerically 
robust and fast (real time) solution method. 
Noise attenuation and flexibility of the 
method are analyzed in detail. Its relevance 
for signal analysis for different instruments is 
discussed.
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The major steps in out methodology
• Linearization by numerical integration method
• Solution of linear system of equations with or without 

non-negativity constrains
• Determining coefficients and roots of polynomial 

equation(s) based on linear system solutions. This step 
yields non-linear parameters, i.e. decay constants.

• Reformulating original problem using now known decay 
constants in order to compute pre-exponential terms.

• Testing and verifying the results by detailed error 
analysis.
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Mono-exponential function 
with background term
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Bi-exponential function with 
background term 1 2
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Tri-exponential function with 
background term
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Tri-exponential function with 
background term 1
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Quatric-exponential with background term
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Triexponential function without 
background term 1
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Computing linear parameters I
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Computing linear parameters II
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Syntetic example (5 exponentials)
A1 =  0.100E+03

k1 =  0.138629436E+00      half life=  0.50E+01

A2 =  0.800 E+02

k2 =  0.866433976E-01       half life=  0.80E+01

A3 =  0.600E+02 

k3 =  0.577762265E-01       half life=  0.12E+02

A4 =  0.400 E+02

k4 =  0.277258872E-01       half life=  0.25E+02

A5 =  0.200E+02

k5 =  0.138629436E-01       half life=  0.50E+02

Optimized values:

A1 =  0.10051341E+03

k1 =  0.13840872E+00    half life=  0.5007973E+01

A2 =  0.79254406E+02

k2 =  0.86603987E-01     half life=  0.8003641E+01

A3 =  0.60246423E+02 

k3 =  0.57773666E-01     half life=  0.1199763E+02

A4 =  0.39947621E+02

k4 =  0.27738458E-01     half life=  0.2498867E+02

A5 =  0.20031300E+02

k5 =  0.13866377E-01     half life=  0.4998762E+02

lstsqsum=   8.79827459E-05        correlation_index=   1.0

Summary curve

5

1

ik t

i

i

y A e
−

=

= ∑
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Liquid water sample

A =  0.96582002E+00 ± 0.58947868E-03

k =  0.45511752E-01 ± 0.39924135E-04 ms-1

half life =  0.1523007E+02 ms    

relaxation time =  0.2197235E+02 ms

lstsqsum=   0.0040524169           

correlation index=   0.999917564 
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Mono-exponential
(water saturated sandstone)

A =  0.13949057E+00 ± 0.29125569E-03

k =  0.48606613E-02 ± 0.14400395E-04

half life=  0.1426035E+03    

relaxation time=  0.2057333E+03

lstsqsum=   0.120345826      

correlation index=   0.989756773
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Bi-exponential
(water saturated sandstone)

A1 =  0.59319738E-01 ± 0.79078679E-03

k1 =  0.15693409E-01 ± 0.29413902E-03

half life=  0.4416804E+02   

relaxation time=  0.6372102E+02  

A2 =  0.96319818E-01 ± 0.86393897E-03

k2 =  0.36296576E-02 ± 0.21384621E-04 

half life=  0.1909676E+03    

relaxation time=  0.2755081E+03

lstsqsum=   0.0368186046    

correlation index=   0.996875668
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Tri-exponential
(water saturated sandstone)

A1 =  0.30407613E-01 ± 0.12788985E-02
k1 =  0.50342595E-01 ± 0.29138408E-02

half life=  0.1376860E+02   
relaxation time=  0.1986389E+02
A2 =  0.74244158E-01 ± 0.22410786E-02
k2 =  0.87824596E-02 ± 0.37225783E-03
half life=  0.7892404E+02   

relaxation time=  0.1138633E+03
A3 =  0.65767841E-01 ± 0.31735761E-02
k3 =  0.30752393E-02 ± 0.66313207E-04
half life=  0.2253962E+03    
relaxation time= 0.3251779E+03

lstsqsum=   0.0271196126   
correlation index=   0.997699536
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Quartic-exponential
(water saturated sandstone)

A1 =  0.21951913E-01 ± 0.29337615E-02

k1 =  0.68884024E-01 ± 0.90549317E-02

half life=  0.1006252E+02    

relaxation time=  0.1451715E+02

A2 =  0.32980727E-01 ± 0.56601136E-02

k2 =  0.15413767E-01 ± 0.31277764E-02

half life=  0.4496936E+02    

relaxation time=  0.6487707E+02

A3 =  0.73851740E-01 ± 0.92488193E-02

k3 =  0.60243592E-02 ± 0.24350045E-03

half life= 0.1150574E+03     

relaxation time=  0.1659928E+03

A4 =  0.41678145E-01 ± 0.12277373E-02

k4 =  0.26144138E-02 ± 0.60907306E-04

half life=  0.2651253E+03   

relaxation time=  0.3824949E+03

lstsqsum=   0.026920193      

correlation index=   0.997716472
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What is Global Analysis Method?
• The idea was to combine 

multiple realizations of 
the same experiment into 
one optimization in order 
to improve ill conditioning 
in separation of 
exponentials. Method 
works for different pre-
exponential terms in each 
realization, as in 
fluorescence relaxation 
monitored at different 
wavelengths.

• Based on work of 
Beechem, Knutson and 
Brant. For example see 
Knutson, J.R. et al, Chem. 
Phys. Lett., 102 (1983) 
501-507.
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Global method with background

1,1 1 11

2,2 2 2 2

,

0 ... 0

0 ... 0

...... ... ... ... ... ... ...

0 0 ...

N

N

N LL
L L L

t

t

t

b

 
                =                    
 

k

A

A

A

p

pty

py t

py t

� ç

� ç

� ç



CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 28

Global method without background
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Medical NMR imaging?
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Mono-exponential fit
A & A error                     k & k error                     CI & error flag        
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Plans:
• Improve resolution of the instruments by 

increasing sampling resolution in time 
domain during the relaxation process and 
perform new, superior processing of such 
collected data. Increasing the sampling in 
time domain (faster electronics) is much 
more economical then increasing sampling 
in space (stronger magnets).
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Plans:
• Our method of data collection and 

processing allows for determining more 
then one relaxation component inside each 
voxel (volumetric pixel). The result is a 
better diagnostics in new instruments and 
prolonged useful life of older instruments, 
giving better return on investment for the 
very expensive instrumentation.
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FLIM (Fluorescence Lifetime 
IMaging)

Time series of images captured to characterize 
fluorescence decay (sampling ~100ps pico=10-12)
Fluorescence relaxation lasts 10-9-10-7s.
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FLIM (Fluorescence Lifetime IMaging)
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FLIM (Fluorescence Lifetime IMaging)
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Recent activities

• Graphical interface for stand-alone Linux 
version of the program (student Rene Barak)

• Web server (student Alan Martinović with help 
from doctoral student Damir Arbula)
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Web Server

Web server (student Alan Martinović)
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Web Server
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Web Server

Web 
server
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Thank you for your attention

Zeljko.Jericevic@riteh.hr

http://www.riteh.uniri.hr/~zeljkoj/Zeljko_Jericevic.html

(011.385.51) 651.594
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doc.dr.sc Kristijan Lenac
Zainteresiran za primjenu i razvoj algoritama racunalnog vida i 
obrade slika u mobilnoj robotici:
- blob tracking
- face recognition
- visual odometry
- object recognition
- head/eye tracking
- ...
U laboratoriju takoder aktivno koriste i razvijaju algoritme sa 3D
oblacima tocaka (Kinect sensor).
Spremnost za suradnju, testiranje, primjenu.
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All questions welcome
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Monoexponential function without 
background term kt
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Triexponential function without 

background term
31 2
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Companion Matrix of a Polynomial
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Quatric-exponential with background term
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Quatric-exponential with background 

term
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Quatric-exponential with background 
term
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Global method implementation of biexponential
with background (for the L=3 simultaneous data sets containing M data 

points each)1,1 1,1
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How about some other applications?

From                                      to

KMS
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Bi-exponetial fit
Correlation index                      Error flag



CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 66

Bi-exponetial fit NNLS
K0  & A0                        K1 & A1                         CI & err_flg


