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Summary

Imaging methods of fluorescence and nuclear
magnetic resonance are based on
characterization of relaxation processes from
excited state. Typical signal coming from such
processes is a sum of exponential functions. This
type of signal is also characteristic for decay of
mixture of radionuclides, parallel chemical
reactions, pharmacological modelling, etc.
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Summary:

This is important and difficult problem.
Often the techniques are chosen that are
noise sensitive and their error poorly
understood. We present general, numerically
robust and fast (real time) solution method.
Noise attenuation and flexibility of the
method are analyzed in detail. Its relevance
for signal analysis for different instruments is
discussed.
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The major steps in out methodology

e Linearization by numerical integration method

e Solution of linear system of equations with or without
non-negativity constrains

e Determining coefficients and roots of polynomial
equation(s) based on linear system solutions. This step
yields non-linear parameters, i.e. decay constants.

 Reformulating original problem using now known decay
constants in order to compute pre-exponential terms.

e Testing and verifying the results by detailed error

analysis.
CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 4
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Mono-exponential function
with background term

jydt:Aje_ktdt+bjdt y — Ae_kt _I_ b

jydt= %(I.O—e_kt)+bt

k[ydt=—-Ae " —b+b+ A+ kbt
Substitute: — y = —Ae " — b

y=—k[ydt+kbt+ A+b
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y=Ae " +b

yz—kjydt+kbt+A+b

y(t;) ==k | y()dt+kbt;+ A+Db
=0

p1=—k
p, =kb
p;=A+D
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Bi-exponential function with
background term y=Ae " +Ae " +b

[yde=A[edi+A[e*dt+b[di
jydz=ﬁ(1.0—e—’<lf)+ﬁ(1.0—e—"2f)+bz
k, k,

ki, | ydt =k, A —k,Ae™ + kA, —k Ae™ +kk bt

klkzj ydt =k, (A +b—b— Ale_klt _ Aze_kzt " Aze—kzt)
k(A +b=b—Ae™ = A+ ™) + kbt
Substitute: —y =—Ae " —Ae ™ —b

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 8
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—kit —k-t
y=Ae "+Ae " +b
kik, [ ydt =y (A +b=y)+kyAe™ +k, (A, + b= y)+ k Ae™ + ki k,bt

Second integration yields:

kik, [[ ydede =k, (4, +b)[ di —k, [ ydi+ A,(1.0—¢ )+

k(A +b)[dt—k, [ ydt+A,(1.0—e ") +kj,b[tdt
Second substitution of: —y=-Ae " —Ae ™ —b

k kbt
klkzﬂydtdt zt[kz(Al +b)+k (A, +b)]—(k1 +k2)_.‘ydt+%

—y+A+A +b

y=—(k +k)[ ydt—kk, [[ ydtdt+ A + A, +b

2
+1[k, (A +b)+k (A, +b)]+M

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 9
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_k —k
y=Ae "+Ae " +b
y=—(k +k)| ydt—kk,[[ ydtdi+ A + A, +b

2
+1[k, (A +b)—k (A, +b)]+ klk;b t
p, =—k —k,
p, =—kk,
p,=b+A + A
Py = b(kl +k2) + A1k2 + Azkl
bk k
ps=—01—

CCVW 2012.09.20 2 Zeljko Jericevic, Ph.D. 10
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Tri-exponential function with
background term

y=Ae "+ Ae ™+ Ae™ + b

j ydi=A je’k"dt + z%j eMdr+ A;I et +bj dt
jydt =ﬁ(1A07e’k-’) +ﬁ(L07e’k:’) +§(1A07e’k*’) +bt
kl kZ k3

k,kzkzj ydt =kk,A — ko kAl + k kA, — ki, Ae™ +kk, A —kk, Ae™ + kk kbt

k,kzkzj ydt =kky (A +b—b—Ae ™ — Ae™ — Ae™™ + Ae™ + Ae™)

+hky (A +b—b—Ae™ —Ae ™ — Ae ™ + Ae™™ + Ae™)

+hky (A +b—b—Ae™ —Ae ™ — Ae™ + Ae™ + Ae™") + kk kbt
—y=—b-Ae —Ae™ —Ae™

Substitute:
k,kzkzj ydt = k,ky(A +b— y)+kk,Ae™ + ok, Ae™
+hky (A, +b— y)+kkAe™ + kkAe™
+hky (A +b— y) + kA +kk,Ae™ +kk kbt
Second integration yields:
kokok [[ y drd = bk (A +b) [ dt = ke [ y e+ kA, (1.0= )+, A,(1L0— €7
+hky (A, +b) [ di =k, [ ydt+ kA (1.0 =)+ A1L0— e )
ko (A +B) [ di =k [ y e+ I, A (10— ) + kAL (10— ) + kb e

CCVW 2012.09.20

ikoks [[ vt = [l A, + ek, Ay + Ik, Ay + (Koks + ki, +k,k2)h]z+%2klhz2

+ A (ky + k) + Ay (k + k) + Ay (ky + k)
= (koky +keky +kiky) [ e
+h (A —Ae™ —Ae ™ + Ae™ —b+b)
+hy (—Ae ™t — Ae™ — A + Ae™ —b+b)
thy(—Ae™ =A™ — A — Ae™ —b+b)
Substitute:  —y=—Ae ™ — A, — A —b
kkkb ,
ko [[ vt = [, A, + ek, Ay + Ik, Ay + (ks + ke, +k,k2)h]z+Tz
+ A (ky + k) + Ay (K + k) + Ay, + k)
— (ko + Kk +k,k2)J'ydz
+h (AeM +b—y)+k, (Ae™ +b—y)+k (Ae™ +b-y)
Third integration yields:
kk,kb

Jeikoks [[[ 3 ded dt = [ Ik, A, + ks, + ik, A+ (ks + ek + ki) b [ 1 e+ =222 [

2
+[ A, k) + Ay (hy + ) + Ak, + k)] [+ (ky ke, + k) b de

— (koky + ke, + ki) [[ yar de
—(k+hy+ky) [y e
+A (1= ")+ 4, (1= )+ A (1-e ) =b+b

Zeljko Jericevic, Ph.D.

After substitution of:
y == (ki +ky+k) [ y dt = (ke, +Iekey + ko) [ y e dt = kkoky [ [[ ydedr de

—y=—Ae M —Ae ™ —Ae™ —b

+b+ A +A +A,
+[ (ky+ky + )b+ A + k) + Ay (k, + k) + Ay (ky +k,) ]t
t3

2
+[ (kiky + Kk + Kok ) b+ Kok A+ Kk, A, + klsz_J% +kk kb .

Solution of linear system of equations:

Py =~k —k, =k,

Py = —kiky =k, =Kok,

P; =—kk;k;

Pi=btA+A+A

ps = bk, +ky +ky)+ A (ky +ky)+ Ay (ky +ky)+ Ay (k, + k)
1

Ps = E{b(klkz +hiky + ko) + Akoks + Ak + Askik, }

= bk kk,

6

11
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Tri-exponential function with
background term y=Ae ™ +

=—k, -k, — k _
P I 2 3 A2€ k2t+
p, = —kk, - kk;—k,k,

—k
p; = —kk,k, A3€ o b

p,=b+ A + A, + A,

ps=b(k, +k,+k,)+ A (k,+k,))+ A, (k, +k;)+ A (k, + k,)

pPe = %[b(klk2 + kky + k,ky))+ Ak, k, + Ak ik, + Ak k, |
bk k. k

p7 — 162 3

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 12
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Quatric-exponential with background term
y=Ae " +Ae ™+ A +Ae™ +b

Py =~k =k, —k; =k,

P, =—kik, —kik; —kk, —k,ky —k.k, — kik,
Py = —kikoky — kik,ky —kikok, — kokok,

Py =—kik,kqk,

ps=b+A +A +A +A
P =b(k +k, +k,+k,)+ Ak, +k,+k)+A(k +k,+k,)+ Ak +k,+k,)+ A,k +k,+k;)

[ b(kk, + kk,+kk, +kk,+kk, +kk,)+ A (kk,+kk, +kk,)+ A (kk,+kk, + k3k4)}

I
=3 Ak, + ki, +hok,) + Ay (ki + ki, + Kok,
Py = é Bk kk, + ki, + Kk, +kokk,) + Aok, + Ak ko, + Ak kk, + Ak k]
_ bkkkik,
v 24
13
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General solution (by inference)

:_Zk k
—k-t
. y=b+ E Ae
(N-n)!n! n
== le Hkm me ("C,) =1
pN:_Ii;Iki o n!
N T (n=k)lk!
pN+1:b+ZAi
Pra=b3k + 24 Y k,

j=Lj#

N! (N-1)!
(N-n)!n! n—-1 N (N-n)!(n-1)! n-1

1 N N-1 ) .
pN+n=(n_1)!<b > [k +24 X Hkm} le(C) me("'C,_; m#i)

j=1 1 i=1 j=l1; 1

1 ! N N .
pZN_(N—l)’ Z Hk + ZAIJI:JI;:]{J} me ("Cy_,)

b N
=— I
Pon+i iy L%

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 14
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SyStﬁm of linear equations for y=»b+ Z o kit

=]

I ydt ” ydtdt Iﬂ ydtdtdt ...,Nthorder_[ 1.0 ¢+ ¢ ... M l
P
1)
0 0 0 0 1.0 ¢ # .. 7" )| P
e T ydi ” ydrdt Iﬂ ydidedt ... Nthorderf 10 ¢, &, .. ' 4| p,
& =| Pna
y y Pw+2
Y I ydt ” ydtdt Iﬂ ydtdtdt ... Nthorderf 1.0 ¢, t, .. to' to |l Pnsa
12%%
Pann

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 15
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General solution (by inference)

N
P = _Zki

pN+1:ZA7'
pN+2 ZA Z k

i=1 j=1; j#i

(N-1)!
N (N-n)!(n-1)!

= _1),ZA 2

j=l;

Pav = (N — 1)'ZAHk

j=1; j#i

pN+n:

CCVW 2012.09.20

N

k.

=D Ae
i=l1

me ("C))
n!
C (n=k)k!
n—1
[ 1. me (M'C s m#i)
1
me ("C,_)

Zeljko Jericevic, Ph.D. 16
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Triexponential function without
background term y=Ac¢" +

p,=—k, —k,— k; Aze_k2t+A3€_k3t
p, = —kk,—kk;—k,k,
Ps = _k1k2k3

P, = A + A, + A,
ps=A(k, +k;,))+ A, (k, +k;)+ A;(k, + k,)

1
Pe = 5(A1k2k3 + A,k ky + A3k1k2)

Compute nonlinear parameters (k's) first
CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 17
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Computing linear parameters I
P, =ATA+A
ps = Ak, +ky)+ A (k +ky)+ A (k, +k,)
|

Pe = 5 (A1k2k3 + Ak ky + A3k1k2)

( 12 A | 1 1 \/ Al\
Ds k,+k, k +k, k +k,| A
\2Ds) \ Kok kyks kiky )\ Ay

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 18
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Computing linear parameters 11

Recasting normal equations
4 Y, \ ( e_kltl e—kzﬁ e_thl \/ Al A

yz e—kﬂz e—szz e_kaz A2

— kit — kot —kyt
I*M e 2'M . e N*M

\Yu ) \€ Ay

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 19
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Syntetic example (5 exponentials)

A, = 0.100E+03

k, = 0.138629436E+00 half life= 0.50E+01
. . A, = 0.800 E+02
. k,= 0.866433976E-01 half life= 0.80E+01
f A; = 0.600E+02
. k,= 0.577762265E-01 half life= 0.12E+02
. A, = 0.400 E+02

Summary curve k,= 0.277258872E-01 half life= 0.25E+02

— A, = 0.200E+02
f Ky = 0.138629436E-01 half life= 0.50E+02

5 Optimized values:
Sl

140

y = Z Ae kit — A, = 0.10051341E+03

. ‘ f k, = 0.13840872E+00 half life= 0.5007973E+01
* A, = 0.79254406E+02
k,= 0.86603987E-01 half life= 0.8003641E+01
A, = 0.60246423E+02
k,= 0.57773666E-01 half life= 0.1199763E+02
A, = 0.39947621E+02
k,= 0.27738458E-01 half life= 0.2498867E+02
A, = 0.20031300E+02
time(msec) k; = 0.13866377E-01 half life= 0.4998762E+02

Istsqsum= 8.79827459E-05 correlation_index= 1.0

l

-20

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 20
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Liquid water sample

A = 0.96582002E+00 + 0.58947868E-03

k = 0.45511752E-01 £+ 0.39924135E-04 ms"!
i half life = 0.1523007E+02 ms

i relaxation time = 0.2197235E+02 ms

Istsqgsum= 0.0040524169
correlation index= 0.999917564

0] 40

time(msec)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 21
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Mono-exponential
(water saturated sandstone)

A = 0.13949057E+00 = 0.29125569E-03
k= 0.48606613E-02 + 0.14400395E-04
i half life= 0.1426035E+03

relaxation time= 0.2057333E+03

Istsqsum= 0.120345826
correlation index= 0.989756773

0.08

-0.02

0 500

time(msec)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 22
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Bi-exponential
(water saturated sandstone)

A, = 0.59319738E-01 + 0.79078679E-03
| | | | | | | | k, = 0.15693409E-01 + 0.29413902E-03
. half life= 0.4416804E+02

relaxation time= 0.6372102E+02

\ A, = 0.96319818E-01 + 0.86393897E-03
k, = 0.36296576E-02 + 0.21384621E-04
half life= 0.1909676E+03

0.08 relaxation time= 0.2755081E+03

Istsqsum= 0.0368186046
‘ correlation index= 0.996875668
o e ik b m :'Ml-“W'l-i-L*---h3-5 T

-0.02

Q 500

time(msec)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 23
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Tri-exponential
(water saturated sandstone)

A, = 0.30407613E-01 + 0.12788985E-02
k, = 0.50342595E-01 + 0.29138408E-02
half life= 0.1376860E+02

relaxation time= 0.1986389E+02

A, = 0.74244158E-01 + 0.22410786E-02
k, = 0.87824596E-02 + 0.37225783E-03
half life= 0.7892404E+02

relaxation time= 0.1138633E+03

A; = 0.65767841E-01 + 0.31735761E-02
k; = 0.30752393E-02 + 0.66313207E-04
half life= 0.2253962E+03

relaxation time= 0.3251779E+03

0.08 |

-0.02

Istsgsum= 0.0271196126
correlation index= 0.997699536

O 500

time(msec)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 24
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Quartic-exponential
(water saturated sandstone

A, = 0.21951913E-01 £ 0.29337615E-02
' ' ' ' ' k, = 0.68884024E-01 + 0.90549317E-02
Yot . half life= 0.1006252E+02
: relaxation time= 0.1451715E+02
A, = 0.32980727E-01 + 0.56601136E-02
k,= 0.15413767E-01 + 0.31277764E-02
half life= 0.4496936E+02
" ) relaxation time= 0.6487707E+02
008 L Ty . A, = 0.73851740E-01 + 0.92488193E-02
i i k, = 0.60243592E-02 + 0.24350045E-03
half life= 0.1150574E+03
relaxation time= 0.1659928E+03
A, = 0.41678145E-01 + 0.12277373E-02
k, = 0.26144138E-02 + 0.60907306E-04
-0.02 ‘ ' ' ' ‘ ' ' ‘ half life= 0.2651253E+03

0 >00 relaxation time= 0.3824949E+03

H 4+

T LAy ‘ ‘ Wkt n‘ I ul"'*“"““*'l"“”*f il i Pl

time(msec)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. Istsqgsum= 0.026920193 25
correlation index= 0.997716472
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What is Global Analysis Method?

 The idea was to combine
multiple realizations of
the same experiment into
one optimization in order
to improve ill conditioning
in separation of
exponentials. Method
works for different pre-
exponential terms in each
realization, as in
fluorescence relaxation
monitored at different
wavelengths.

* Based on work of
Beechem, Knutson and
Brant. For example see :

Fig. 1. Three<dimensional and contour map representations of the variation in fitting error (x*) with respect to the lifetimes r,
KHUtson9 J.R. et al, Chemo and 7,, fitting biexponential decays of 4.0 and 5.0 ns. The pre-exponential factors were allowed to vary to minimize x* at any

given 7, 5 location. (A) The x? surface (from 1.18 to 8.0) for single decay curve analysis. The penalty incurred for monoexpo-
Phys' Lett" 102 (1983) nential modeling can be seen as the saddle point along the diagonal wall where 7{ = 5. Contours are spaced 0.05 from the mini-
501-507. mum with subsequent spacings of 0.75. (B) The first 0.1 x2 contours are used here to show how curves showing identical (4 and §

ns) lifetimes but differing in amplitude mixture (1 : 3 and 3: 1) have different loci of covariance. In particular, a penalty-free mo-

tion in ane curve may be blocked by x? penalties in the other. (C) x* surface from 1.18 to 3.5 for the superimposition of the two
CCVW 2012 09 20 curves described in B. Contours being 0 05 above the minimum and are spaced 0.5 thereafter.
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| Clobal method with backgropnlgi \
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Global method without background
( )
[ \|[ Pk
/ yl \ i @ O [ B J O

Pia
Y , t, .. 0O |
2 2 @ 2 pLA

\ YL/

e 0 ..t

\pLA/
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Medical NMR imaging?

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 29
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Mono-exponential fit
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 Improve resolution of the instruments by
increasing sampling resolution in time
domain during the relaxation process and
perform new, superior processing of such
collected data. Increasing the sampling in
time domain (faster electronics) is much
more economical then increasing sampling
in space (stronger magnets).
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Plans:

e Our method of data collection and
processing allows for determining more
then one relaxation component inside each
voxel (volumetric pixel). The result is a
better diagnostics in new instruments and
prolonged useful life of older instruments,
giving better return on investment for the
very expensive instrumentation.
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FLIM (Fluorescence Lifetime
IMaging)

Time series of images captured to characterize
fluorescence decay (sampling ~100ps pico=10-12)
Fluorescence relaxation lasts 10--10-7s.
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FLIM (Fluorescence Lifetime IMaging)

Fluorescence decay after pulsed excitation
.1 -
0.97
L]
0 5 ‘I — it ation
|} =mmaflyorescence with a lifetime of 0.2 ns
0.7 ] | Orescence with a lifetime of 1.0 ns
: ]
[ ]
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Fig.4. Upon excitation with a short light pulse (black line) of
fluorescent molecules the time-course of the emission
intensity shows an exponential decay.

34




-'H.' LA _.-__ Q
- @ : UHWERSIW_DF !IIJE 4 Department of Computer Engineering
. N@ 5/ Faculty of Engineering

Faculty cf Enginccrirg - University of Rijzka

FLIM (Fluorescence Lifetime IMaging)
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Phizicky et al., Nature. 2003 422:208-15
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Recent activities

* Graphical interface for stand-alone Linux
version of the program (student Rene Barak)

 Web server (student Alan Martinovi¢ with help
from doctoral student Damir Arbula)

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 36



. UNIVERSITY OF RIJEKA 3 Department of Computer Engineering

Faculty of Engineering Facuity of Engincerirg - University of Rijzka

Web Server

Exponential fitting

Web service.for nonlinear exponential fitting.

Welcome to the web service for nonlinear exponential Fttlng provided freely by the
Technical Faculty Rijeka.

Anonymous usage is for users who have small numbers of data points which need
to be fitted. In that case the results can quickly be computed and showed. No
information-need to be submitted."

Anonymous usage

Registered usage is for users who wish to have the results emailed. A simple
registration is required which include a mandatory email address and optional
name and company name.
Registered usage 37



UHI“ERSIW UF m Pa ra meter input Download pdf manual

FH{UII"IF' ﬂf Enginggﬂn Upload the file containing the data which should be fitted and select the fitting
parameters.

Input file | Browse...
Input type

Task 121

NNLSTSQ © rise O True

Weight flag - False True

Norm col Y False True
Norm row Y False True
Compute =
errors Y False True
Time scale 1

Print flag Y False True
Grh out © False True

CCVW 2012.09.20 . Run fitting |
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server
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Number of exponentials: 2
Function: y = a0*e”™(-k0*t) + al*e™(-k1*t)

Parameters of exponentials:

a0: 49.999999 - -

kO: 0.023103878 Half life: 30.00133 Relax time: 43.28278
al: 50.000001

k1l: 0.011552325 Half life: 60.00067 Relax time: 86.56266

Non physical solution: False

Model curve only
T

100 '

Download pdf

Start new fitting
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Thank you for your attention

Zeliko.Jericevic@riteh.hr

http://www.riteh.uniri.hr/~zeljkoj/Zeljko Jericevic.html

(011.385.51) 651.594

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 41
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doc.dr.sc Kristijan Lenac

Zainteresiran za primjenu i razvoj algoritama racunalnog vida i
obrade slika u mobilnoj robotici:

- blob tracking

- face recognition

- visual odometry

- object recognition

- head/eye tracking

U laboratoriju takoder aktivno koriste 1 razvijaju algoritme sa 3D

oblacima tocaka (Kinect sensor).
Spremnost za suradnju, testiranje, primjenu.

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 42
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All questions welcome
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Monoexponential function without

CCVW 2012.09.20

background termy — A e—kt

jydt = Aj'e_ktdt
jydtz%(l.O—e"”)

kjydzz—Ae-“+A

—kt

Substitute: — y = —Ae

yz—kjydt+A

Zeljko Jericevic, Ph.D. 45
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—kt

yz—kjydt+A y — A€

y(t,) =~k j y(t)dt + A

p,=—k
p2=A

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 46
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background term

y=Ae " +Ae ™+ Ae

Computing decay constants (k;, k,, k;)

kst

p=—k —k,—k;
P, =—kik, —kky —kyk;
P =—kk,k,

P(x)=ﬂ(x—xi)=0

P(x)=(x—x)(x—x,)(x—x;) = X — (x, +x,+ x3)x2 + (X, %, + XX + X,X;,) X — X, X,%;, =0
3

P(x) = Zaix‘ has the following companion matrix:
i=0

X+ X, +x, —(xx, + XX+ X,X) XXX, -p, P, —Ds
1 0 0 = 1 0 0
0 1 0 0 1 0

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 47
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@
Onpariien Matri

N
P(x)= Z a. x'
i=0

/_aN | Ay _s

ay ay

1 0

0 1

. 0 0

Depart

X of a Po

ent_of E:lu

mputer Engineering

Vﬂmmiac |1g.a of Rijzka

—a, —a,)
ay ay

0 0

0 0

1 0

Zeljko Jericevic, Ph.D.
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uatric-exponentig] with background term
Qy — Xleeygp"‘ Xze %1 + 1&36%"‘%{46 %d‘F%

Integration yields:

[ydr=A[e*dt+ A [e*dt+ A [ e dt+ A, [ e dt +b] at

jydz =%(1.0—e_klt)+%(1.0—e‘k2’)+%(1.0—e_k3t)+%(1-0—€_k4t)+bt
1

2 3 4
k1k2k3k4j ydt = kkk,A - kkk,Ae™ +kkk,A, — kkk,Ae™
+hkk, A~ kkk,Ae™ +kkk,A, —kk,kAe ™ +kkkk,bt
kiokok, [ yat = koo, (A +b—b—Ae™ = Ae™ — Ae™ — Ae™ + Ae™ + Ae™ + A7)
+hkk, (A, +b—b—Ae™ —Ae™ —Ae™ — A + Ae™ + Ae™ + Ae™)
+hkk, (A, +b—b—Ae™ —Ae ™™ —Ae™ — A + Ae™ + Ae™ + Ae™)
+hkk, (A, +b—b—Ae™ —Ae ™ —Ae™ — A + Ae™ + A + Ae™)
+kk,kk bt
Substitute: —y=—Ae ™ —Ae ™ —Ae™ —Ae™ —b
k1k2k3k4j ydt = kkk,(A +b—y)+kkk,Ae™ +kkk,Ae™ +kkk,Ae ™"
+hkk, (A, +b—y)+kkk,Ae™ +kkk,Ae™ +kkk,Ae ™
+kk,k, (A, +b—y)+kk,k,Ae™ +kk,k,Ae™ +kkk,Ae™
+kk,ky (A, +b—y) +kkkAe™ +kkkAe™ +kkk,Ae™

+ k Kk k bt
CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 49
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4 +kk, A (1.0—e ™) + kk, Ay (1.0 — e ™) + k kA, (1.0—e )
y = b n Z A.e_k"t +kk k, (A, +b)jkdt—klk3k4jydt ) |
] +kik, A (1.0—e ™)+ kk,A,(1.0— ™) + k kA, (1.0— e ™)
=1 +kikok, (A, +b) [ dt =Kk, [ y dt

+kk,A(1.0—e ™)+ kk,A(1.0—e™) +kk,A,(1.0—e™)

+keoks (A, +b) [ dt = ko [y

+h, kA (1.0— e ) + k kA (1.0 — ) + bk, Ay (1.0 — e ™) + k k keok b j tdt
kkk, A +kkok, A+ kkok, A, + klk2k3A4} | kikokikib

+(kykok, + Kok, + Kk k, +kk,k,)b 2

+ A (k,ky + kk, +kk,) + A, (kky + kk, +kk,)+ A (kk, +kk, +k,k,)+ A (kk, +kk,+kk,)

— (kykesk, + ko, + kek, + K koks ) j ydt

kkokk, [[ ydrdt ~ {

+hky (—Ae ™ = A = Ae ™+ Ae™ = Ae ™ + Ae™ —b+D)
+kk, (—Azesz’ —Ae M —Ae+Ae™ —Ae™ + Ae™ —b+ b)

—Ae™M =A™ —Ae ™ +Ae™ —Ae™ + Ae™ — b+ b)
—Ae ™M — A —Ae™ + A —Ae™ +Ae™ b+ b)
—Ae M — A —Ae™ + A — A + A — b+ b)

Substitute: —y= —Alefklt — Aze*sz _ ASe*k,zt . A4e*k4f _ b
CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 50
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ﬁlrwvrmg

kk.k, A +kkk,A, +kkk,A +kkk,A,

U ﬂw D;ﬂ”fmkk J” @td %ﬁiréﬁf W@ﬁﬁfﬁﬁferj EnglﬂEEFmg

L kkokikib o Faculty cf Enginecrirg - University of Rijzka
2

+ A (kky + .k, + ok, )+ A, (kk, +kk, +kk,)

+ A, (kk, +kk, +k,k, )+ A, (kk, +kk,+k,k;)

+ (kk, +k ke, + kk, +kk, +k,k, +kk,)b

—(kky +k ke, +kk, +k,k, +k.k, +k:k,)y

— (kyksk, + kkok, +kk.k, +kkk,) J ydt

+(kk, + kk, + kk,)Ae™ +(kk, +kk, +kk,)Ae™

+ (kky + ko ke + kok, ) Ae™ + (kk, + ko ke, + ke, )Ae™
Third integration yields:
[ A (ks + Kok, + kok,) + A, (k kg + Kk, +kok,)
kkokk, [[[ v dt dt de =) +A, Gk, + ki, + kok,) + Ak, + ke, + Kok |t
| H(kk, + kks + Kk, + k ks + Kk, + ksk, )b
[kokk, A+ kikok, A, + Kk k, A, +kkok, A, 52
|+ (koks, + sk, + koo, +kkoky ) b }E
| kokikid s

6

—(kky + ke, + kk, +k,k, +k,k, +k:k,) J ydt

— (kyksk, + kkok, + kkok, + ko) J J ydtdt
+ A (ky + ey k) (1= ) + Ay (ks ) (1-€7)

+A3 (kl +k2 +k4)(1—eszl)+A4 (kl +k2 +k3)(1_efk4t)
Zeljko Jericevic, Ph.D. 51



UNI"JERSI” UF H”E (k2k3+k21@k3k4)+A2(klk3+klk4+k3k4) . '
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{k2k3k4A1 +hkok, Ay + kikok, As + k1k2k3A4} ﬁ N kk,k;k,b ;2

+(kksk, +kikok, +kkok, +kkk)b |2 6
y = b + Z A,- e ' . (e, + ey + e, + ko, + kek, +kek,) [yt = (ke + kikok, + Kok, + kikoJe) ([ yde
=1 + A (ky+ky+k)+ A (k +ky+k)+ A (k +k,+k,)+ A, (k +k, +k;)

—Ae " (ky+ky+k,)— Ae ™ (k +ky+k,)— Ae ™ (k, +k, +k,)— Ae ™ (k +k, +k;)

CA (ks + Kok, + kok,) + A, (k kg + Kk, +kok,)

kkook, [[[ y dt dt de =) +A, ek, + ki, + ok,) + Ak, + ik, + ko) |t

| H(kk, +kiky + Kk, + ko ks + Kok, + Kk, )b

Kok, A+ Rk A, + ok A+ Kok A, ﬁ N kk,k;k,b ;2

|+ (kokok, +hok, +hkok, +kkok)b |2 6

— (kiky + ey + Kk, + ke + ok, + ke [ ydt = (ke + Kk, + ko, + kdeok ) [ ydedt
+ A (ky+k,+k,)+A (k +k,+k)+ A (k +k,+k,)+ A, (k +k, +k;)

Substitute: —y=-Ae ™ —Ae ™ —Ae ™ —Ae™ —b

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 52
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4 [ kokok, A+ kkok A, + K kok, A+ Kk kA, [ N kkokkb ;
— by Ae —kit +(kk, +hkk, +hkok, Hhlk)b 206
y _ I —(kk, + k ks + kk, +kk, + k.k, +k;k,) j ydt
i=1 = (koko, + kesk, + Kok, + ko) [[ yard

+ A (ky+ky+k)+ A (k +k,+k)+ A (k+k,+k,)+ A, (k +k, +k;)
+k (—y+Ae™ +b)+k, (-y+Ae™ +b)
+hy (- +Ae™ +b)+k, (—y+Ae™ +b)
Fourth integration yields:
A (ky+k,+k,)+ A (k +k,+k,)+ A (k +ky, +k,)+ A, (k, +k, + k) t
+(k, +k,+k,+k,)b
[ A (kky +k,k, +kk,)+ A, (kk,+ kk, +kk,)
|+ Ak, +kik, + k) + Ak, + Kk, + k) [
| H(kk, + Kk + Kk, + Kok + Kok, + Kk, )D
[k kok, A+ k koK, A+ kkok A+ k1k2k3A4} £ kkkkpb
| (kkok, + kikok, +kkok, +kkok)b |60 24
—(ky +hey +ky + k) [ ydt = (ik, + ke, + Kk, + ke, + ke, + ko) [[ y e

kk,k.k, [CCCly dgdt dt dt =

= (kpksk, + kiksk, + keok, + ko) [[[ v der e
+A (1= )+ A (1= ™)+ A (1 )+ A, (1-e )
CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 53
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Substitute: —y=-Ae ™ —Ae™ —Ae ™ —Ae™ —b
y=—(k, +k, +k, +k4)Jydt

— (kik, + ke, + Kk, + ey + ke, + ko) [[ y e

= (kikoks + ko, + ki, + kokik,) [[[ y et

—kk,k;k, LCCCly dgdt dt dt
+b+A+A +A+A

i=1
+
+
+
+
CCVW 2012.09.20

(k,+k,+k,+k,)b+
t
_Al(k2 vh+k)+A (k+k,+k)+A(k+k,+k)+A (k+k,+k;)
[k, + ik, + ke, + Kok, + Kok, + Kk, )b
A (kky +k,k, +kk,)+ A, (kky + kk, +kik,)
|+ A (kk, +kk, +kk,)+ A (kk, + ki ks +k,k;)

t2

(kykyk, + kkeok, + kkeok, + ki koks ) b } 7

ki, A, + ki, Ay + Kok A + koK, A, |6

kikkkb o

24
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y=Ae "+ Ae ™ +Ae " +Ae +b

Py =~k =k, —ky—k,

P, = —kik, = kiky =k, —kyky — kok, — kik,
Py = —kjkoky = ki, —kikok, — kokok,

Py = —kikkqk,

ps=b+A+A +A +A
=b(k,+k, +k,+k,)+ Ak, +k,+k)+ Ak +k,+k,)+ Ak +k,+k,)+ A (k +k,+k;)

Cb(kk, + kik, + kK, + Kok, + Kok, + Kok, + A (ks + kok, + kok,) + Ay (kk, + Kk, + k3k4)}

1
Pr=3 I + A (kk, + kk, +kk,)+ A, (kk, +kk, +k,k,)
Py = é bk, + ke k, + ko, + kokok,) + Akokok, + Ak ko, + Ak k,k, + Ak kk,]

_ bkkk:k,
Ps 24
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Juatric-exponential with background
term y=Ae " +Ae™
Integration yields: A3e—k3t + A4e—k4t + b

[ydr=A[e*dt+ A [e*dt+ A [ e dt+ A, [ e dt +b] at

jydz =%(1.0—e_klt)+%(1.0—e‘k2t)+%(1.0—e_k3t)+%(1-0—6’_k4t)+bt
1

2 3 4
k1k2k3k4j ydt = kkk,A - kkk,Ae™ +kkk,A, — kkk,Ae™
+hkk, A~ kkk,Ae™ +kkk,A, —kk,kAe ™ +kkkk,bt
k1k2k3k4j ydt =kkk, (A +b—b—Ae " —Ae™ —Ae™ — A + Ae™ + Ae™ + Ae™)
+kkk, (A, +b—b—Ae™ —Ae™ —Ae™ - A, e_k” +Ae ™M+ Ae™ + Ae™)
+hkk, (A, +b—b—Ae™ —Ae ™™ —Ae™ — A + Ae™ + Ae™ + Ae™)
+hkk, (A, +b—b—Ae™ —Ae ™ —Ae™ — A + Ae™ + A + Ae™)
+kk,kk bt
Substitute: —y=—-Ae " —Ae™ —Ae ™ —Ae™ b
k1k2k3k4j ydt = kkk,(A +b—y)+kkk,Ae™ +kkk,Ae™ +kkk,Ae ™"
+hkk, (A, +b—y)+kkk,Ae™ +kkk,Ae™ +kkk,Ae ™
+kk,k, (A, +b—y)+kk,k,Ae™ +kk,k,Ae™ +kkk,Ae™
+kk,ky (A, +b—y) +kkkAe™ +kkkAe™ +kkk,Ae™

+ k Kk k bt
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_ k 1 Second integration yields:
y — b + Z A e ' kkoJek, [ yrdr =k ek, (A +b)[ =k, [ yat
i=1 + ko, A (10— e ) + Ik A, (1.0— ) + ko A, (1.0 — e 75

+ ke, (A, +b) [ di —kikk, [ yar

+hk, A (1.0—e™) + k k, A, (1.0— e ™) + k ke, A, (1.0— e

+ ek, (Ay+b) [ di —kikok, [ yat

+lk, A (1.0—e ™)+ kk, A (1.0—e ™) + kk,A,(1.0— ™)

+kkeky (A, +b) [ di —kikok, [ yar

+hk, A (1.0—e ™) + k kA, (1.0— e ™) + k k, A, (1.0— e ™) + ko kok b j tdt

kol A, + k ke, A, + kkk, A, + k1k2k3A4} | Kkikb

+(kkok, + k ko, + kfk, + kf,k,) b 2
+ A (ko + kyk, + k) + Ay (ke + kb, + kok, ) + Ay(kk, + kb, +kok,) + A, (R, + ki, + koky)
— (kykk, + ke, + ko k, + ko kok,) j ydt

kkoJeik, ([ vt dt ~ [

+kk, e — A+ Ae™M — A + Ae™ —b+b

+kk

)
—Ae™M + A — Ae™ + Ae™ — b+b)
A+ A — A+ A b)

+ k,k,

71\t

(-Ase

(A

+kk, (—Ae ™

(-Ae™

+hok, (—Ae
(~4

A,
o —Aeik"’—A e+ Al — Ae™ + Ae™ — b)
A+ Ae™ YA b)
+kk, Aze"z’—A3e"3’+A3e M Al 4 AT - b+b)

Substitute: —y=—-Ae ™ —Ae™ — Ae™ —Ae™ —b
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Kok, A, + ks, A, + kiok Ay + k ok A,
+(kykok, +kkok, + ko kok, + kikoks )b
, kikokokib o
2
+ A (ks + ok, +kk, )+ A, (kky + Kk, +kik,)
+ A, (kk, + kk, +kk,)+ A, (kk, + kk, +kk;)
+ (kky + k ks + k,k, + ko ks + Kok, + kik, )b
—(kky +k ks + k ke, + kky +k,k, +k;k,)y
—(koksk, + kkok, + kkok, + kkok,) .[ ydt
+ (kk, + ki, + ki k) Ae™ + (kk, + kk, +k,k,)Ae™
+ (ks + koky + ok ) Ase™ + (kik, + Kok, + Kok, )Ae™
Third integration yields:
A (koky + ok, + kok,) + A, (kiks + kk, + kok,)
kkok, ([ v de dr di =) +A,(kik, + ik, + lok,) + AUk, + Kk + ko) |t
| Hkk, + ks + kk, +koks + Kok, + ksk, )b
Ckoksk, A + k ok, A, + k koK, A+ kkok A, 72
|+ (Rohek, +kikok, + ko, +kkok)b |2
, kikokokib s
6
—(kk, +k ks + kk, +kky +k,k, +k;k,) j ydt

kkykk, ([ v dt dr dr =

— (lesk, + ke, + kikoke, + ko) [[ yar e
+ A (k2 +k;y +k4)(l—e*k1r) +A, (k1 +k, +k4)(1_e—kzr)

+A3 (k1 +k2 +k4)(1—e’k31)+A4 (k1 +k2 +k3)(1_e—k4r)
Zeljko Jericevic, Ph.D.
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kkkk, ([ vt dr dt

4
—k.t
y=b+ E Ae
i=1
kkokk, [[[ vt dt dt
Substitute:
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[ A (ks + ok, +kok,) + A, (kk, + kK, +kk,)
+A,(kk, +kk, +k.k,)+ A, (kk, +kk,+k)k,) |t
|+ (kiky + ks + ik, + Kok + Kok, + Kok, )b
kokk, A+ kkok A, + kkok, A+ Rk A, ﬁ 4 kk,k kb e
|+ (kkok, + koo, + ok, +hkok)b |2 6
= (kiky + ey + ke, +lek, +kk, + k) [yt = (koek, + ke, +kikok, + ek k) [ ydedt
+ A (ky+ky+k,)+ A (k +k+k)+ A (k +k, +k,)+ A, (k +k, +k;)
—Ae M (ky+ky+k,) = A (k +ky + k) — Ae ™ (k, +k, +k,)— Ae ™ (k, +k, + k)

[ A (koky + ok, + kok,) + Ay (ks + ki k, + kok,)
+ A, ki, + ik, +kok,) + A, (kk, + ki, + Koks) |2
|+, + ek + ik, + Rk + Ik, + gk, )b
kokk, A+ kikok, Ay + kkok, A+ kkokA, ﬁ N kk k. k,b s
|+ (kokok, + ok, +kkok, +kkok )b |2 6
= (kiky + ey + ke, +leky + kk, + k) [yt = (Rokk, + ke, +kikok, + ek ks ) [ ydedt
+ A (ky+ky+k,)+ A (k +k+k)+ A (k +k, +k,)+ A, (k +k, +k;)

—k -k -k ~k,
—y=—Ae " —Ae " —Ae " —Ae M -b
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4 A (koky + Kok + ok, ) + Ay (kiky + kiky + Kok, )
ey Rk [[[ y ar ar dr=| +Akik, + ke, + ko) + A, (ik, + ke, + ko) |t
y = b+ Ae | (kk, + ik, + Kk, + Kok, + Ko, + Kk, )b
. _k2k3k4A1 +hikk, Ay +kikok Ay + kikoki A, ﬁ o kk,k kb 3
=1 |+ (kokok, + ok, + ok, +kkok)b |2 6

— (K, + Kk + ke, + Koy + ok, + ko) [ vt

— (kske, + kksk, + keok, + Kook, [[ vt dt
+A (ky+ky+k)+ A (k +ky+k,)+ A (k +k, +k, )+ A, (k +k, +k;)
+h (—y+Ae™ +b)+k, (—y+ Ae™ +b)
thy(—y+Ae™ D) +k, (—y+ A +b)
Fourth integration yields:
A (k,+ky+k,)+ A, (k +k,+k,)+ A (k +k,+k,)+ A, (k +k, +k;) t
+(k, +ky+k,+k,)b
[ A (kky + ko k, +hok,)+ A (kk, +kk, +kk,)
| Ak, + Kk, +Kok,) + A, (KK, + Ky + k) ’3
| H(kk, + ks + Kk, + Kok + Kok, + kk,)b
[ kokok, A+ ko, A, + kkok A+ kkok, A, I , kkokokib
+(kokk, + ok, +hok, k)b |6 24
— (ke +hey + kg + k) [ yd = (i, + ke, + e, + ek + Kok, + ke [ y it

k ki, CCCCly dedt dt dt ~

+

— (leksk, + kesk, + ook, + koky) [[[ v de e di
+A (1= )+ A (1-e ™)+ A (1-e)+ 4, (1-¢")
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Substitute: — y= —Ale_klt — A2€_k2t _ A3e—k3l‘ _ A4e—k4t —b

y — b—l— ZA.e_kit yz—(k1+k2+k3+k4)jydt

! — (ke + Kk + ke, + kg + ko, + ek, ) [ [ v de
= (keoky + Kok, + ke, + ke, ) [[[ y dear dt

—k.k,k;k, "CCCly dedrt dt dt
+b+A+A +A+A

(k, +k, +k,+k,)b+

- t
_Al(k2 +k,+k)+A (k+k+k)+A (k +k,+k)+A, (k +k,+k;)
(ki + ki, + Kk, + Kok + ok, + Kok, )b

+| A (kyky +kk, +kok,)+ A (kky +kk, +kk,)

| +A(kk, +kk, +kk,)+ A (kk, +k ks +kk;)

t2

[y + ey + ko, + kikoks ) b ¢
ook, A, + ko, A, + Kok, A, + Kok A, | 6
, kikokokib
24
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N
System of linear equations for y = Z P

=l

f ydt ﬂ ydtdt m ydtdtdt ...,Nthorderj 1.0 ¢+ ¢ .. "
D
)
0 0 0 0 1.0 ¢ t12 th—l D,
. Tydt ” ydtdt HI ydididt ... Nthorderf 1.0 ¢, 6 .. 7| =
Y2 |_| % ,
Py
Yu Tydt [[ yatdr ||| yddtdr ... Nihorder[ 10 1, 1, .. & Iljm
! N+3
Py
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i i oints each
J' y, dt J' _[ y dtdr 1 P f, 0 0 )O i
ha i
hm WY
[ 0 ) —k, —k,
Vi y, dt ydrdt 1 ¢, 0 0 0 0 ¢,
l:,l I ’ _klkZ
f2 2 b+ A11 + Al 2
Yim dt dtdt 0 0 1 t. 0 0 £ S
v, ; Ya. J Ya. 21 20 | (ky +ky) b+ Ak, + ALk,
L ’ b+ A, +A,,
Yo ur b m b u (kl + kz ) b+ Az,lkz + A2,2k1
. [yoat [ [y,dar 0 0 114, 0 0 £, b+A, +A,,
’ l’m 1 , (k,+k,)b+ Ak, + A, Lk,
Vi J' y,. dt J' _[ yodtdt 0 0 0 0 1 1, ¢t Al
L I 2
I m I m
J' y,. dt J' _[ yodtde 0 0 0 0 1 ¢, t,
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KMS
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Bi-exponetial fit

Correlation index Error flag

CCVW 2012.09.20 Zeljko Jericevic, Ph.D. 65



2\ UNIVERSITY OF RIJEKA o
: Department of Computer Engineering

Faculty of Engineering Facuity of Engincerirg - University of Rijzka

Bi-exponetial fit NNLS

Cl &err_flg

' Y . f ”_""'q
- ' P |
1 = & o, sr=] -
VR e R I |
- A o -
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